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In this dissertation we consider the offline multiple change point problem. More

specifically we are interested in estimating both the number of change points, and

their locations within a given multivariate time series. Many current works in this

area assume that the time series observations follow a known parametric model,

or that there is at most one change point. This work examines the change point

problem in a more general setting, where both the observation distributions and

number of change points are unknown. Our goal is to develop methods for identi-

fying change points, while making as few unrestrictive assumptions as possible.

The following chapters are a collections of works that introduced new nonpara-

metric change point algorithms. These new algorithms are based upon E-Statistics

and have the ability to detect any type of distributional change. The theoretical

properties of these new algorithms are studied, and conditions under which con-

sistent estimates for the number of change point and change point locations are

presented. These newly proposed algorithms are used to analyze various dataset,

ranging from financial time series to emergency medical service data. Efficient

implementations of these algorithms are provided by the R package ecp. A por-

tion of this dissertation is devoted to the discussion of the implementation of these

algorithms, as well as the use of the software package.



BIOGRAPHICAL SKETCH

Nicholas was born in Georgetown, Guyana on May 4, 1988. In 1995 he moved to

Tallahassee, Florida along with his family. After completing high school Nicholas

went on to attend the University of Florida in Gainesville, Florida. While at the

University of Florida he majored in mathematics and minored in computer science.

After graduating from the University of Florida with a bachelors of science he

was admitted to the MS/PhD Operations Research and Information Engineering

program at Cornell University.

Nicholas was advised by David S. Matteson during his time at Cornell Univer-

sity. His PhD dissertation is on performing change point analysis on multivariate

time series, where he developed theoretical results for newly created algorithms,

as well as the creation of various software packages. Nicholas joined Google Inc.

after graduating with a PhD from Cornell.

iii



ACKNOWLEDGEMENTS

First and foremost I would like to thank my advisor Professor David S. Matteson

for his constant support and interest in my work. I would also like to thank the

National Physical Science Consortium for their financial support throughout my

PhD program. Finally, I would like to thank everyone who made my time at

Cornell University an enjoyable and rewarding experience.

iv



TABLE OF CONTENTS

Biographical Sketch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii
Acknowledgements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
Table of Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v
List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii
List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

1 Introduction 1

2 A Nonparametric Approach for Multiple Change Point Analysis
of Multivariate Data 3
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.2.1 Measuring Differences in Multivariate Distributions . . . . . 7
2.2.2 Estimating the Location of a Change Point . . . . . . . . . . 9
2.2.3 Hierarchically Estimating Multiple Change Points . . . . . . 10
2.2.4 Hierarchical Significance Testing . . . . . . . . . . . . . . . . 10

2.3 Consistency . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12
2.3.1 Single Change Point . . . . . . . . . . . . . . . . . . . . . . 12
2.3.2 Multiple Change Points . . . . . . . . . . . . . . . . . . . . 16

2.4 Simulation Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.4.1 Comparing Sets of Change Point Estimates . . . . . . . . . 20
2.4.2 Univariate Analysis . . . . . . . . . . . . . . . . . . . . . . . 21
2.4.3 Multivariate Analysis . . . . . . . . . . . . . . . . . . . . . . 22

2.5 Applications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.5.1 Genetics Data . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.5.2 Financial Data . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.6 An Agglomerative Algorithm . . . . . . . . . . . . . . . . . . . . . . 29
2.6.1 Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.6.2 Goodness-of-Fit . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.6.3 Toronto EMS Data . . . . . . . . . . . . . . . . . . . . . . . 32

2.7 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33
2.8 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3 ecp: An R Package for Nonparametric Multiple Change Point
Analysis of Multivariate Data 37
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37
3.2 The ecp package . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3.2.1 Measuring differences in multivariate distributions . . . . . . 39
3.2.2 A sample divergence for multivariate distributions . . . . . . 41

3.3 Hierarchical divisive estimation . . . . . . . . . . . . . . . . . . . . 42
3.3.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
3.3.2 Real data . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

v



3.4 Hierarchical agglomerative estimation . . . . . . . . . . . . . . . . . 53
3.4.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
3.4.2 Inhomogeneous spatio-temporal point process . . . . . . . . 58

3.5 Performance analysis . . . . . . . . . . . . . . . . . . . . . . . . . . 60
3.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.7 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67

3.7.1 Divisive outline . . . . . . . . . . . . . . . . . . . . . . . . . 67
3.7.2 Agglomerative outline . . . . . . . . . . . . . . . . . . . . . 68

4 Change Points via Probabilistically Pruned Objectives 72
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
4.2 Probabilistic Pruning . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.2.1 Consistency . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.3 Pruning and Energy Statistics . . . . . . . . . . . . . . . . . . . . . 87

4.3.1 The Energy Statistic . . . . . . . . . . . . . . . . . . . . . . 88
4.3.2 Incomplete Energy Statistic . . . . . . . . . . . . . . . . . . 89
4.3.3 The e-cp3o Algorithm . . . . . . . . . . . . . . . . . . . . . 91

4.4 Simulation Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
4.4.1 Univariate Simulations . . . . . . . . . . . . . . . . . . . . . 95
4.4.2 Multivariate Simulations . . . . . . . . . . . . . . . . . . . . 99

4.5 Real Data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
4.5.1 Temperature Anomalies . . . . . . . . . . . . . . . . . . . . 101
4.5.2 Exchange Rates . . . . . . . . . . . . . . . . . . . . . . . . . 104

4.6 Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106

vi



LIST OF TABLES

2.1 Results for E-Divisive univariate simulations . . . . . . . . . . . . . 22
2.2 Results for E-Divisive multivariate simulations . . . . . . . . . . . 24
2.3 Results for E-Divisive multivariate simulations with growing dimen-

sion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.1 Results for E-Agglomerative and E-Divisive univariate simulations 65
3.2 Results for E-Agglomerative and E-Divisive multivariate simulations 66

4.1 e-cp3o growing sample size simulation results . . . . . . . . . . . . 96
4.2 e-cp3o univariate simulation results . . . . . . . . . . . . . . . . . . 98
4.3 Copula densities . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
4.4 e-cp3o multivariate simulation results . . . . . . . . . . . . . . . . 100

vii



LIST OF FIGURES

2.1 Comparison of change point procedures on aCGH data . . . . . . . 27
2.2 Monthly log returns for Cisco . . . . . . . . . . . . . . . . . . . . . 28
2.3 Kernel density and QQ plots for Cisco time series . . . . . . . . . . 29
2.4 Sample auto-correlation plots for Cisco . . . . . . . . . . . . . . . . 30
2.5 Toronto EMS data representation . . . . . . . . . . . . . . . . . . . 33

3.1 Simulated Gaussian data with 3 change points . . . . . . . . . . . 47
3.2 Simulated multivariate data with 2 changes in tail behavior . . . . 49
3.3 E-Divisive applied to two aCGH datasets . . . . . . . . . . . . . . 51
3.4 MultieRank applied to two aCGH datasets . . . . . . . . . . . . . 52
3.5 Weekly log returns for the Dow Jones Industrial Average . . . . . . 53
3.6 E-Agglomerative goodness-of-fit values . . . . . . . . . . . . . . . . 61
3.7 True density plots for simulates spatio-temporal point process . . . 62
3.8 Estimated density plots for simulates spatio-temporal point process 63

4.1 Change in mean and tail example . . . . . . . . . . . . . . . . . . . 98
4.2 Clayton contour plot . . . . . . . . . . . . . . . . . . . . . . . . . . 100
4.3 Independence contour plot . . . . . . . . . . . . . . . . . . . . . . . 100
4.4 Gumbel contour plot . . . . . . . . . . . . . . . . . . . . . . . . . . 100
4.5 Copula contours . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
4.6 Temperature anomalies time series . . . . . . . . . . . . . . . . . . 103
4.7 Brazil . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.8 Switzerland . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.9 Russia . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.10 Component series for spot rates . . . . . . . . . . . . . . . . . . . . 106

viii



CHAPTER 1

INTRODUCTION

Change point analysis is the process of detecting distributional changes within

time-ordered observations. For a given observed time series, the instance where

distributional changes occur are referred to as change points. Change points have

implications in both applied and theoretical statistics. For instance, it has been

shown that when fitting either a location shift or linear model, ignoring the exis-

tence of change points can lead to inconsistent parameter estimates, thus poten-

tially causing practitioners to draw incorrect conclusions. Change point analysis

has also more recently become a valuable tool in bioinformatics, where variations

in DNA copy number data can indicate the presence of certain kinds of cancers.

Generally speaking, change point analysis can be performed in one of four ways.

Analysis can be performed in either an online or offline fashion, through the use

of either parametric or nonparametric models. Parametric change point analysis

assumes that observations are drawn from a class of distribution functions, who’s

members can be uniquely identified by parameter value. In this setting analy-

sis focuses on detecting changes in the parameter of interest. While parametric

approaches lead to many useful theoretical results about their performance, they

can not always be used in real world settings, since adherence to the underlying

model is not guaranteed. In such situations using a nonparametric change point

algorithm would be more appropriate. Compared to their parametric counterparts

these methods sacrifice some statistical power but are suitable for more areas of

application.

This dissertation focuses on performing offline nonparametric change point

analysis. The methods developed in this dissertation are able to detect any type
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of distributional change. Unlike many nonparametric approaches to change point

analysis, the existence of a density function for the observed distributions is not

assumed. Therefore, the use of any density estimation tools become inappropriate.

Instead, the change point algorithms introduced in this dissertation require the

existence of certain absolute moments. This is accomplished through the use of

E-Statistics [73]; a class of statistical divergence measures that are indexed by a

parameter α. For 0 < α < 2, it can be shown that E-Statistics are able to detect

any type of distributional change, while a choice of α = 2 allows for detecting only

change in expectation.

The following chapters in this dissertation are a select collection of works pub-

lished while attending Cornell University. Chapter 2 introduces E-Statistics. Using

this tool, two change point algorithms, E-Divisive and E-Agglomerative, are devel-

oped. Consistency results are shown for the E-Divisive method, while applications

to real world datasets show that both perform quite well. Chapter 3 is dedicated

to the ecp package. This is an R software package that allows its user to perform

change point analysis through the use of E-Statistics. This chapter focuses on

the methods that implement the E-Divisive and E-Agglomerative procedures. Fi-

nally, Chapter 4 introduces a new probabilistic pruning procedure, cp3o, which can

be used to increase the speed of many change point algorithms. Combining this

pruning procedure with E-Statistics provides us with the e-cp3o algorithm, which

is also part of the ecp package. This chapter shows that the e-cp3o algorithm

addresses some of the weaknesses of both the E-Agglomerative and E-Divisive

algorithms.

2



CHAPTER 2

A NONPARAMETRIC APPROACH FOR MULTIPLE CHANGE

POINT ANALYSIS OF MULTIVARIATE DATA

2.1 Introduction

Change point analysis is the process of detecting distributional changes within

time-ordered observations. This arises in financial modeling [74], where correlated

assets are traded and models are based on historical data represented as multi-

variate time series. It is applied in bioinformatics [57] to identify genes that are

associated with specific cancers and other diseases. Change point analysis is also

used to detect credit card fraud [9] and other anomalies [69, 1]; and for data clas-

sification in data mining [51]. Applications can also be found in signal processing,

where change point analysis can be used to detect significant changes within a

stream of images [46].

While change point analysis is important in a variety of fields, the methodolo-

gies that have been developed to date often assume a single or known number of

change points. This assumption is often unrealistic, as seen in Section 2.5. Increas-

ingly, applications also require detecting changes in multivariate data, for which

traditional methods have limited applicability. To address these shortcomings, we

propose a new methodology, based on U-statistics, that is capable of consistently

estimating an unknown number of multiple change point locations. The proposed

methods are broadly defined for observations from an arbitrary, but fixed dimen-

sion.

In general, change point analysis may be performed in either parametric and
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nonparametric settings. Parametric analysis necessarily assumes that the under-

lying distributions belong to some known family, and the likelihood function plays

a major role. For example, in [11] and [48] analysis is performed by maximizing

a log-likelihood function, while [61] examines the ratio of log-likelihood functions

to estimate change points. Additionally, [17] combine the log-likelihood, the mini-

mum description length, and a genetic algorithm in order to identify change points.

Nonparametric alternatives are applicable in a wider range of applications than are

parametric ones [32]. Nonparametric approaches often rely heavily on the estima-

tion of density functions [43], though they have also been performed using rank

statistics [49]. We propose a nonparametric approach based on Euclidean distances

between sample observations. It is simple to calculate and avoids the difficulties

associated with multivariate density estimation.

Change point methods are often directly motivated by specific fields of study.

For example, [42] discusses an approach that is rooted in information theory, and

ideas from model selection are applied for determining both the number and lo-

cation of change points in [79] and [82]. The proposed approach is motivated by

methods from cluster analysis [73].

Change point algorithms either estimate all change points concurrently or hi-

erarchically. Concurrent methods generally optimize a single objective function.

For example, given that there are k change points, [34] estimates change point

locations by maximizing a likelihood function. [48] accomplish the same task by

minimizing a loss function. Sequential methods generally estimate change points

one at a time [29], although some have the ability to estimate two or more at any

given stage [59]. Such approaches are often characterized as bisection procedures.

The proposed method utilizes a bisection approach for its computational efficiency.
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We propose a new method that can detect any distributional change within an

independent sequence, and which does not make any distributional assumptions

beyond the existence of the αth absolute moment, for some α ∈ (0, 2). Estimation

is performed in a manner that simultaneously identifies both the number and loca-

tions of change points. In Section 2.2 we describe our methodology; its properties

are discussed in Section 2.3. In Sections 2.4 and 2.5 we present the results of our

procedure when applied to simulated and real data, respectively. In Section 2.6 we

propose an alternative algorithm and illustrate its use on a novel spatio-temporal

application. Concluding remarks are in Section 2.7 and technical details are stated

in the Appendix.

2.2 Methodology

To highlight the generality of the proposed method, we briefly summarize the dif-

ferent conditions under which analysis may be performed, in increasing complexity.

Let Z1,Z2, . . . ,ZT ∈ R
d be an independent sequence of time-ordered observations.

Throughout this manuscript, the time between observations is assumed positive;

it may be fixed or randomly distributed. The time index simply denotes the time

order. In the simplest case, there is a single hypothesized change point location

τ. Specifically, Z1, . . . ,Zτ
iid
∼ F1 and Zτ+1, . . . ,ZT

iid
∼ F2, in which F1 and F2 are

unknown probability distributions. Here we test for homogeneity in distribution,

H0 : F1 = F2 verses HA : F1 , F2. For univariate observations with continuous

distributions the familiar Kolmogorov-Smirnov test may be applied, and in the

general case the approach in [67] may be applied. If H0 is rejected we conclude

there is a change point at τ, otherwise we conclude there is no distributional change

in the observations.
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A slight modification of the above setting assumes instead that the change point

location is unknown, but assumes that at most only one change point exists. A

natural way to proceed is to choose τ as the most likely location for a change point,

based on some criterion. Here, τ is chosen from some subset of {1, 2, . . . ,T − 1},

then a test for homogeneity is performed. This should necessarily incorporate the

fact that τ is unknown.

Now, suppose there is a known number of change points k in the series, but with

unknown locations. Thus, there exist change points 0 < τ1 < · · · < τk < T , that

partition the sequence into k + 1 clusters, such that observations within clusters

are identically distributed, and observations between adjacent clusters are not. A

naive approach for estimating the best of all O(T k) change point locations quickly

becomes computationally intractable for k ≥ 3. One remedy is to instead maximize

the objective function through the use of dynamic programming as in [31], [65] and

[49].

Finally, in the most general case, both the number of change points as well as

their locations are unknown. Here, the naive approach to concurrent estimation

becomes infeasible. As such, bisection [76, 14] and model selection procedures

[48, 4] are popular under these conditions.

We now present a nonparametric technique, which we call E-Divisive, for per-

forming multiple change point analysis of a sequence of multivariate observations.

The E-Divisive method combines bisection [76] with a multivariate divergence mea-

sure from [73]. We first discuss measuring differences in multivariate distributions.

We then propose a procedure for hierarchically estimating change point locations.

We conclude this section by discussing the hierarchical statistical testing used to

determine the number of change points.
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2.2.1 Measuring Differences in Multivariate Distributions

For complex-valued functions φ(·), the complex conjugate of φ is denoted by φ,

and the absolute square |φ|2 is defined as φφ. The Euclidean norm of x ∈ Rd is

|x|d, or simply |x| when there is no ambiguity. A primed variable such as X′ is an

independent copy of X; that is, X and X′ are independent and identically distributed

(iid).

For random variables X,Y ∈ Rd, let φx and φy denote the characteristic functions

of X and Y, respectively. A divergence measure between multivariate distributions

may be defined as ∫
Rd
|φx(t) − φy(t)|2 w(t) dt, (2.1)

in which w(t) denotes an arbitrary positive weight function, for which the above

integral exists. In consideration of Lemma 7 (see Appendix), we use the following

weight function

w(t;α) =

(
2πd/2Γ(1 − α/2)
α2αΓ((d + α)/2)

|t|d+α

)−1

, (2.2)

for some fixed constant α ∈ (0, 2). Then, if E|X|α, E|Y |α < ∞, a characteristic func-

tion based divergence measure may be defined as

D(X,Y;α) =

∫
Rd
|φx(t) − φy(t)|2

(
2πd/2Γ(1 − α/2)
α2αΓ((d + α)/2)

|t|d+α

)−1

dt. (2.3)

Suppose X, X′ iid
∼ Fx and Y,Y ′ iid

∼ Fy, and that X, X′,Y, and Y ′ are mutually

independent. If E|X|α, E|Y |α < ∞, then we may employ an alternative divergence

measure based on Euclidean distances, defined by [73] as

E(X,Y;α) = 2E|X − Y |α − E|X − X′|α − E|Y − Y ′|α. (2.4)
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Lemma 1. For any pair of independent random vectors X,Y ∈ Rd, and for any

α ∈ (0, 2), if E(|X|α + |Y |α) < ∞, then E(X,Y;α) = D(X,Y;α), E(X,Y;α) ∈ [0,∞), and

E(X,Y;α) = 0 if and only if X and Y are identically distributed.

A proof is given in the Appendix, and for a more general setting in [73].

The equivalence established in Lemma 1 motivates a remarkably simple empir-

ical divergence measure for multivariate distributions based on U-statistics. Let

Xn = {Xi : i = 1, . . . , n} and Ym = {Y j : j = 1, . . . ,m} be independent iid samples

from the distribution of X,Y ∈ Rd, respectively, such that E|X|α, E|Y |α < ∞ for some

α ∈ (0, 2). Then an empirical divergence measure analogous to Equation (2.4) may

be defined as

Ê(Xn,Ym;α) =
2

mn

n∑
i=1

m∑
j=1

|Xi − Y j|
α −

(
n
2

)−1∑
1≤i<k≤n

|Xi − Xk|
α −

(
m
2

)−1∑
1≤ j<k≤m

|Y j − Yk|
α. (2.5)

This measure is based on Euclidean distances between sample elements and is

O(m2∨n2), whereas the sample counterpart of Equation (2.3) requires d-dimensional

integration to evaluate.

Under the assumptions above, Ê(Xn,Ym;α) → E(X,Y;α) almost surely as

m ∧ n → ∞ by the Strong Law of Large Numbers for U-statistics [35] and the

continuity theorem. Additionally, under the null hypothesis of equal distributions,

i.e., E(X,Y;α) = 0, we note that mn
m+n Ê(Xn,Ym;α) converges in distribution to a non-

degenerate random variable as m∧ n→ ∞. Further, under the alternative hypoth-

esis of unequal distributions, i.e., E(X,Y;α) > 0, we note that mn
m+n Ê(Xn,Ym;α)→ ∞

almost surely as m∧n→ ∞. These asymptotic results motivate the statistical tests

described in Section 2.2.4.
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2.2.2 Estimating the Location of a Change Point

Let

Q̂(Xn,Ym;α) =
mn

m + n
Ê(Xn,Ym;α) (2.6)

denote the scaled sample measure of divergence discussed above. This statis-

tic leads to a consistent approach for estimating change point locations. Let

Z1, . . . ,ZT ∈ R
d be an independent sequence of observations and let 1 ≤ τ < κ ≤ T

be constants. Now define the following sets, Xτ = {Z1,Z2, . . . ,Zτ} and Yτ(κ) =

{Zτ+1,Zτ+2, . . . ,Zκ}. A change point location τ̂ is then estimated as

(τ̂, κ̂) = argmax
(τ,κ)

Q̂(Xτ,Yτ(κ);α). (2.7)

It is possible to calculate the argmax in Equation (2.7) in O(T 2) by observing that

Q̂(Xτ,Yτ(κ);α) can be derived directly from Q̂(Xτ−1,Yτ−1(κ);α) and the distances

{|Zτ − Z j|
α : 1 ≤ j < τ}.

If it is known that at most one change point exists, we fix κ = T . Otherwise, the

variable κ is introduced to alleviate a weakness of bisection, as mentioned in [75], in

which it may be more difficult to detect certain types of distributional changes in

the multiple change point setting using only bisection. For example, if we fix κ = T

and the set Yτ(T ) contains observations across multiple change points (e.g., distinct

distributions), then it is possible that the resulting mixture distribution in Yτ(T )

is indistinguishable from the distribution of the observations in Xτ, even when τ

corresponds to a valid change point. We avoid this confounding by allowing κ to

vary, with minimal computational cost by storing the distances mentioned above.

This modification to bisection is similar to that taken in [59].
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2.2.3 Hierarchically Estimating Multiple Change Points

To estimate multiple change points we iteratively apply the above technique as

follows. Suppose that k − 1 change points have been estimated at locations 0 <

τ̂1 < · · · < τ̂k−1 < T. This partitions the observations into k clusters Ĉ1, Ĉ2, . . . , Ĉk,

such that Ĉi = {Zτ̂i−1+1, . . . ,Zτ̂i}, in which τ̂0 = 0 and τ̂k = T . Given these clusters, we

then apply the procedure for finding a single change point to the observations within

each of the k clusters. Specifically, for the ith cluster Ĉi denote a proposed change

point location as τ̂(i) and the associated constant κ̂(i), as defined by Equation (2.7).

Now, let

i∗ = argmax
i∈{1,...,k}

Q̂(Xτ̂(i),Y τ̂(i)(κ̂(i));α),

in which Xτ̂(i) and Y τ̂(i)(κ̂(i)) are defined with respect to Ĉi, and denote a corre-

sponding test statistic as

q̂k = Q̂(Xτ̂k ,Y τ̂k(κ̂k);α), (2.8)

in which τ̂k = τ̂(i∗) denotes the kth estimated change point, located within cluster

Ĉi∗ , and κ̂k = κ̂(i∗) the corresponding constant. This iterative procedure has running

time O(kT 2), in which k is the unknown number of change points.

2.2.4 Hierarchical Significance Testing

The previous sections have proposed a method for estimating the locations of

change points. We now propose a testing procedure to determine the statistical

significance of a change point, conditional on previously estimated change points.

For hierarchical estimation, this test may be used as a stopping criterion for the

proposed iterative estimation procedure.

10



As above, suppose that k − 1 change points have been estimated, resulting in

k clusters, and that conditional on {τ̂1, . . . , τ̂k−1}, τ̂k and q̂k are the newly proposed

change point location and the associated test statistic, respectively. Large values

of q̂k correspond to a significant change in distribution within one of the existing

clusters, however, calculating a precise critical value requires knowledge of the

underlying distributions, which are generally unknown. Therefore, we propose a

permutation test to determine the significance of q̂k.

Under the null hypothesis of no additional change points, we conduct a permu-

tation test as follows. First, the observations within each cluster are permuted to

construct a new sequence of length T . Then, we reapply the estimation procedure

as described in Sections 2.2.2 and 2.2.3 to the permuted observations. This process

is repeated and after the rth permutation of the observations we record the value

of the test statistic q̂(r)
k .

This permutation test will result in an exact p-value if we consider all possible

permutations. This is not computationally tractable, in general; instead we obtain

an approximate p-value by performing a sequence of R random permutations. In

our implementation we fix the significance level p0 ∈ (0, 1) of the conditional test,

as well as the the number of permutations R, and the approximate p-value is de-

fined as #{r : q̂(r)
k ≥ q̂k}/(R + 1). In our analysis we fix p0 = 0.05 and use R = 499

permutations for all of our testing. Determining a suitably large R to obtain an

adequate approximation depends on the distribution of the observations, as well

as the number and size of clusters. As an alternative, a sequential implementa-

tion of the random permutations may be implemented with a uniformly bounded

resampling risk, see [24].

The permutation test may be performed at each stage in the iterative estima-
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tion algorithm. The kth change point is deemed significant, given {τ̂1, . . . , τ̂k−1},

if the approximate p-value is less than p0, and the procedure then estimates an

additional location. Otherwise, we are unable to reject the null hypothesis of no

additional change points and the algorithm terminates. The permutation test may

be performed after the E-Divisive procedure reaches a predetermined number of

clusters to quickly provide initial estimates. The independent calculations of the

permuted observations may be performed in parallel to easily reduce computation

time.

2.3 Consistency

We now present results pertaining to the consistency of the estimated change point

locations that are returned by the proposed procedure. It is assumed throughout

that the dimension of the observations is arbitrary, but constant, and that the

unknown number of change points is also constant. Below, we consider the case

of a single change point, and demonstrate that we obtain a strongly consistent

estimator in a rescaled time setting. We then do the same for the more general

case of multiple change points.

2.3.1 Single Change Point

In Section 2.2.1 we have stated that in the case of a single change point, at a given

location, the two-sample test is statistically consistent against all alternatives. We

now show that τ̂ is a strongly consistent estimator for a single change point location

within the setting described.

12



Assumption 1. Suppose that we have a heterogeneous sequence of independent

observations from two different distributions. Specifically, let γ ∈ (0, 1) denote

the fraction of the observations belonging to one of the distributions, such that

Z1, . . . ,ZbγT c ∼ Fx and ZbγT c+1, . . . ,ZT ∼ Fy for every sample of size T . Let r = bγT c

and s = T−r. Also, let µαX = E|X−X′|α, µαY = E|Y−Y ′|α, and µαXY = E|X−Y |α, in which

X, X′ iid
∼ Fx, Y,Y ′ iid

∼ Fy, and X, X′,Y, and Y ′ are mutually independent. Further,

suppose E(|X|α + |Y |α) < ∞ for some α ∈ (0, 2); hence, µαX, µ
α
Y , µ

α
XY ,E(X,Y;α) < ∞.

Finally, let {δT } be a sequence of positive numbers such that δT → 0 and TδT → ∞,

as T → ∞.

Lemma 2. Suppose Assumption 1 holds, then

sup
γ∈[δT ,1−δT ]

∣∣∣∣∣∣∣
(
T
2

)−1 ∑
i< j

|Zi − Z j|
α −

[
γ2µαX + (1 − γ)2µαY + 2γ(1 − γ)µαXY

]∣∣∣∣∣∣∣ a.s.
→ 0, as T → ∞.

Proof. Let ε > 0. Define the following disjoint sets: Π1 = {(i, j) : i < j,Zi,Z j ∼ Fx};

Π2 = {(i, j) : Zi ∼ Fx,Z j ∼ Fy}; and Π3 = {(i, j) : i < j,Zi,Z j ∼ Fy}. By the Strong

Law of Large Numbers for U-statistics, we have that with probability 1, ∃N1 ∈ N

such that ∣∣∣∣∣∣∣
(
#Π1

2

)−1 ∑
Π1

|Zi − Z j|
α − µαX

∣∣∣∣∣∣∣ < ε
whenever #Π1 > N1. By the same argument we can similarly define N2,N3 ∈ N.

Furthermore, ∃N4 ∈ N such that 1
T−1 < ε/2 for T > N4. Let N = N1 ∨ N2 ∨ N3 ∨ N4,

such that for any TδT > N, and every γ ∈ [δT , 1 − δT ], we have #Π1 = bγT c > N1,

#Π2 = bγT c(T − bγT c) > N2, #Π3 = (T − bγT c) > N3, and the quantities | rT − γ|,

| r−1
T−1 − γ|, |

s
T − (1 − γ)|, | s−1

T−1 − (1 − γ)| are each less than ε.

Now, considering the nature of the summands, 2
T (T−1)

∑
Π1
|Zi−Z j|

α may be rewrit-

ten as (
r
2

)−1 ( r
T

) ( r − 1
T − 1

)∑
Π1

|Zi − Z j|
α.
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For T > N, we have

P


∣∣∣∣∣∣∣
(
r
2

)−1 ( r
T

) ( r − 1
T − 1

)∑
Π1

|Zi − Z j|
α − γ2µαX

∣∣∣∣∣∣∣ < ε3 + ε2(2 + 3µαX) + ε

 = 1.

The last inequality is obtained from noting that
∣∣∣ r
T − γ

∣∣∣ ∣∣∣ r−1
T−1 − γ

∣∣∣ < ε2 implies∣∣∣∣( r
T

) (
r−1
T−1

)
− γ2

∣∣∣∣ < ε2 + 2γε. Therefore,
∣∣∣∣( r

T

) (
r−1
T−1

)
− γ2

∣∣∣∣ ∣∣∣∣(r
2

)−1 ∑
Π1
|Zi − Z j|

α − µαX

∣∣∣∣ <
ε3 + 2γε2; rearranging terms, and using the previous inequality yields∣∣∣∣∣∣∣
(
r
2

)−1 ( r
T

) ( r − 1
T − 1

)∑
Π1

|Zi − Z j|
α − γ2µαX

∣∣∣∣∣∣∣ < ε3+(2γ+(1+2γ)µαX)ε+γ2ε < ε3+ε2(2+3µαX)+ε.

By applying the same approach, we have similar expressions for both 2
T (T−1)

∑
Π2
|Zi−

Z j|
α and 2

T (T−1)

∑
Π3
|Zi − Z j|

α. Finally, applying the triangle inequality establishes the

claim, since ε is arbitrary. �

In order to establish the uniform convergence above, it is assumed that γ is

bounded away from 0 and 1, such that r ∧ s → ∞ as T → ∞. In application, we

impose a minimum size for each cluster when estimating the location of a change

point. This minimum cluster size should be specified a priori ; in our examples

we primarily use 30 as the minimum size, but larger sizes may be needed when

E(X,Y;α) is relatively small.

Theorem 3. Suppose Assumption 1 holds. Let τ̂T denote the estimated change

point location for a sample of size T , as defined in Equation (2.7), here with κ = T ;

i.e., using an unmodified bisection approach. Then for T large enough γ ∈ [δT , 1 −

δT ], and furthermore, for all ε > 0

P
(

lim
T→∞

∣∣∣∣∣γ − τ̂T

T

∣∣∣∣∣ < ε) = 1.

Proof. Let T be such that γ ∈ [δT , 1 − δT ], then for any γ̃ ∈ [δT , 1 − δT ], let

XT (γ̃) = {Z1, . . . ,Zbγ̃T c} and YT (γ̃) = {Zbγ̃T c+1, . . . ,ZT } for all T . Then

Ê(XT (γ̃),YT (γ̃);α)
a.s.
→

(
γ

γ̃
1γ̃≥γ +

1 − γ
1 − γ̃

1γ̃<γ

)2

E(X,Y;α) = h(γ̃; γ)E(X,Y;α) (2.9)
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as T → ∞, uniformly in γ̃. The maximum of h(γ̃; γ) is attained when γ̃ = γ. Now,

note that 1
T Q̂(XT (γ̃),YT (γ̃);α)

a.s.
→ γ̃(1 − γ̃)h(γ̃; γ)E(X,Y;α) as T → ∞, uniformly in

γ̃. Additionally, the maximum value of γ̃(1 − γ̃)h(γ̃; γ) is also attained when γ̃ = γ.

Define

τ̂T = argmax
τ∈{dTδT e,dTδT e+1,...,bT (1−δT )c}

Q̂(Xτ,Yτ(T );α),

and the interval Γ̂T = argmax
γ̃∈[δT ,1−δT ]

Q̂(XT (γ̃),YT (γ̃);α), then τ̂T
T ∈ Γ̂T . Since

1
T
Q̂ (XT (τ̂T/T ) ,YT (τ̂T/T ) ;α) >

1
T
Q̂(XT (γ),YT (γ);α) − o(1),

we have

1
T
Q̂(XT (τ̂T/T ),YT (τ̂T/T );α) ≥ γ(1 − γ)h(γ; γ)E(X,Y;α) − o(1),

by the almost sure uniform convergence. Letting γ̂ = τ̂T/T , it follows that

0 ≤ γ(1 − γ)h(γ; γ)E(X,Y;α) − γ̂(1 − γ̂)h(γ̂; γ)E(X,Y;α)

≤
1
T
Q̂(XT (γ̂),Y(γ̂);α) − γ̂(1 − γ̂)h(γ̂; γ)E(X,Y;α) + o(1)

→ 0,

as T → ∞. For every ε > 0, there exists η such that

γ̃(1 − γ̃)h(γ̃; γ)E(X,Y;α) < γ(1 − γ)h(γ; γ)E(X,Y;α) − η

for all γ̃ with |γ̃ − γ| ≥ ε. Therefore,

P
(

lim
T→∞
|γ̂T − γ| ≥ ε

)
≤ P

(
lim
T→∞

γ̂T (1 − γ̂T )h(γ̂T ; γ)E(X,Y;α) <

γ(1 − γ)h(γ; γ)E(X,Y;α) − η
)

= 0.

�
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Consistency only requires that each cluster’s size increase, but not necessarily

at the same rate. To consider rates of convergence, additional information about

the distribution of the estimators, which depends on the unknown distributions of

the data, is also necessary.

2.3.2 Multiple Change Points

The consistency result presented in [76] cannot be applied in this general situation

because it assumes that the expectation of the observed sequence consists of a

piecewise linear function, making it only suitable for estimating change points

resulting from breaks in expectation.

Assumption 2. Suppose that we have a heterogeneous sequence of independent

observations from k + 1 distributions, denoted {Fi}
k
i=0. Specifically, let 0 = γ(0) <

γ(1) < · · · < γ(k) < γ(k+1) = 1. Then, for i = 0, 1, . . . , k we have ZbTγ(i)c+1, . . . ,ZbTγ(i+1)c
iid
∼

Fi, such that Fi , Fi+1. Let µαii = E|Xi − X′i |
α and µαi j = E|Xi − X j|

α, in which

Xi, X′i
iid
∼ Fi, independent of X j ∼ F j. Furthermore, suppose that

k∑
i=0

E|Xi|
α < ∞

for some α ∈ (0, 2); hence µαii, µ
α
i j,E(Xi, X j;α) < ∞, for all i and j. Let {δT } be a

sequence of positive numbers such that δT → 0 and TδT → ∞, as T → ∞.

Under Assumption 2, analysis of multiple change points can be reduced to the

analysis of only two change points. For any i ∈ {1, . . . , k − 1}, consider γ(i) and

γ(i+1). The observations {Z j : j ≤ bTγ(i)c} can be seen as a random sample from

a mixture of distributions {F j : j ≤ i}, denoted here as F. Similarly, observations

{Z j : j ≥ bTγ(i+1)c + 1} are a sample from a mixture of distributions {F j : j > i + 1},

denoted here as H. The remaining observations are distributed according to some

distribution G. Furthermore, F , G and G , H, if not, we refer to the single
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change point setting. For notation, we simply consider γ(1) and γ(2).

Let X,Y,U be random variables such that X ∼ F, Y ∼ H, and U ∼ G. Consider

any γ̃ such that, γ(1) ≤ γ̃ ≤ γ(2), then this choice of γ̃ will create two mixture

distributions. One with component distributions F and G, and the other with

component distributions H and G. Then the divergence measure in Equation (2.3)

between these two mixture distributions is equal to∫
Rd

∣∣∣∣∣γ(1)

γ̃
φx(t) +

(
γ̃ − γ(1)

γ̃

)
φu(t) −

(
1 − γ(2)

1 − γ̃

)
φy(t) −

(
γ(2) − γ̃

1 − γ̃

)
φu(t)

∣∣∣∣∣2 w(t;α) dt (2.10)

Lemma 4. Suppose that Assumption 2 holds for some α ∈ (0, 2), then the diver-

gence measure in Equation (2.10) is maximized when either γ̃ = γ(1) or γ̃ = γ(2).

Proof. Equation (2.10) can be rewritten as

f (γ̃) =

∫
Rd

∣∣∣∣∣γ(1)

γ̃
[φx(t) − φu(t)] +

1 − γ(2)

1 − γ̃
[φu(t) − φy(t)]

∣∣∣∣∣2 w(t;α) dt. (2.11)

We then express the above integral as the sum of the following three integrals:(
γ(1)

γ̃

)2 ∫
Rd
|φx(t) − φu(t)|2 w(t;α) dt;

2γ(1)(1 − γ(2))
γ(1 − γ̃)

∫
Rd
|φx(t) − φu(t)||φu(t) − φy(t)|w(t;α) dt; and(

1 − γ(2)

1 − γ̃

)2 ∫
Rd
|φu(t) − φy(t)|2 w(t;α) dt.

Each of these is a strictly convex positive function of γ̃, and therefore so is their

sum. Since γ(1) ≤ γ̃ ≤ γ(2), the maximum value is attained when either γ̃ = γ(1) or

γ̃ = γ(2). �

Lemma 5. Suppose that Assumption 2 holds for some α ∈ (0, 2), then

sup
γ̃∈[γ(1),γ(2)]

∣∣∣∣Ê(XT (γ̃),YT (γ̃);α) − f (γ̃)
∣∣∣∣ a.s.
→ 0, as T → ∞.
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Proof. Let p(γ̃; γ) =
γ(1)

γ̃
and q(γ̃; γ) =

1−γ(2)

1−γ̃ . Using methods from the proof of

Lemma 1, Equation (2.11) is equal to

p(γ̃; γ)2E(X,U;α) + q(γ̃; γ)2E(Z,U;α)

+ 2pq(γ̃; γ)
(
E|X − U |α + E|Y − U |α − E|X − Y |α − E|U − U′|α

)
.

Since min
(
γ(1)

γ(2) ,
1−γ(2)

1−γ(1)

)
> 0, by Lemma 2 the within distances for XT (γ̃) and YT (γ̃)

converge uniformly to

p(γ̃; γ)2E|X − X′|α + (1 − p(γ̃; γ))2E|U − U′|α + 2p(γ̃; γ)(1 − p(γ̃; γ))E|X − U |α and

q(γ̃; γ)2E|Y − Y ′|α + (1 − q(γ̃; γ))2E|U − U′|α + 2q(γ̃; γ)(1 − q(γ̃; γ))E|Y − U |α,

respectively. Similarly, it can be shown that the between distance converges uni-

formly to

pq(γ̃; γ)E|X − Y |α + p(γ̃; γ)(1 − q(γ̃; γ))E|X − U |α +

(1 − p(γ̃; γ))(1 − q(γ̃; γ))E|U − U′|α + (1 − p(γ̃; γ))q(γ̃; γ)E|Y − U |α.

Combining twice the between less the within distances provides the desired quan-

tity. �

Under Assumption 2, for each i = 0, 1, . . . , k, there exist distributions Fi, Gi,

and Hi such that for γ(i) ≤ γ̃ ≤ γ(i+1), Equation (2.11) holds; otherwise fi(γ̃) = 0. By

Lemmas 4 and 5, fi(γ̃) is maximized when γ̃ = γ(i) or γ̃ = γ(i+1) for i = 1, 2, . . . , k−1.

By Theorem 3, f0(γ̃) and fk(γ̃) are maximized at γ(1) and γ(k), respectively.

Theorem 6. Suppose that Assumption 2 holds for some α ∈ (0, 2). For AT ⊂

(δT , 1 − δT ) and x ∈ R, define d(x,AT ) = inf{|x − y| : y ∈ AT }. Additionally,

define f (γ) = γ(1 − γ)
k∑

i=0

fi(γ). Let τ̂T be the estimated change point as defined by

Equation (2.7), and AT = {y ∈ [δT , 1−δT ] : f (y) ≥ f (γ), ∀γ}. Then d(τ̂T/T,AT )
a.s.
→ 0

as T → ∞.

18



Proof. First we observe that 1
T Q̂(XT (γ̃),YT (γ̃);α)

a.s.
→ f (γ̃) as T → ∞, uniformly in γ̃

by Lemma 5. Also, for each i, γ̃(1− γ̃) fi(γ̃) is a strictly convex function. Therefore,

for T large enough, δT < γ(1) and γ(k) < 1 − δT , so that AT , ∅. Since γ̃(1 − γ̃) fi(γ̃)

is continuously differentiable and strictly convex, there exists a ci > 0, such that

for any γ̃1, γ̃2 ∈ [γ(i), γ(i+1)],

|γ̃1(1 − γ̃1) fi(γ̃1) − γ̃2(1 − γ̃2) fi(γ̃2)| > ci|γ̃1 − γ̃2| + o(|γ̃1 − γ̃2|). (2.12)

Let ε > 0. By Equation (2.12), there exists η(ε) > 0 such that if d(γ̃,AT ) > η(ε),

then | f (γ̃)− f (x)| > ε, for all x ∈ AT . Now, let γ̂T = τ̂T/T and γ∗ = argminx∈AT
|γ̂T−x|,

then

f (γ̂T ) +
ε

2
>

1
T
Q̂(XT (γ̂T ),YT (γ̂T );α) ≥

1
T
Q̂(XT (γ∗),YT (γ∗);α) > f (γ∗) −

ε

2
,

with probability 1. Combining the first and last terms in the above expression

provides us with f (γ∗) − f (γ̂T ) < ε. Therefore, P
(

lim
T→∞

d(τ̂T/T,AT ) ≤ η(ε)
)

= 1, and

since ε was arbitrary, we have established the claim. �

2.4 Simulation Study

In this section we present simulation results from the E-Divisive procedure us-

ing various univariate and multivariate distributions. We compare performance

with the MultiRank procedure [49], which is based on a generalization of a

Wilcoxon/Mann-Whitney (marginal) rank based approach, the parametric Pruned

Exact Linear Time (PELT) procedure [44], and the nonparametric Kernel Change

Point (KCP) procedure [4]. Each simulation applies these methods to a set of 1,000

independent sequences with two change points, and computes the average Rand

index [21, 39], defined below, and approximate standard errors. All computation

was completed using the statistical software R [63], using the ecp package [41].
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Throughout this section the E-Divisive procedure was implemented with α = 1;

results for α = 0.5, 1.5 were similar, and within the margin of error. We used

R = 499 iterations when performing the permutation test, which was conducted at

the marginal p0 = 0.05 significance level. Furthermore, we set the minimum cluster

size for the E-Divisive procedure to 30. The MultiRank and KCP procedure require

upper limits on the number of change points, these were set to T
30 − 1, in which T

is the length of the sequence.

2.4.1 Comparing Sets of Change Point Estimates

To measure the performance of a particular method we calculate the Rand in-

dex [64] as well as Morey and Agresti’s Adjusted Rand index [55]. These indices

represent a measure of similarity between two different partitions of the same ob-

servations. The first is most suitable for comparing an estimated set of change

points to a baseline or known set of locations, while the second is tailored to com-

pare two sets of estimated change points. In both cases, the number of change

points in each set need not be equal.

Suppose that the two clusterings of T observations are given by U = {U1, . . . ,Ua}

and V = {V1, . . . ,Vb}, with a and b clusters, respectively. For these two clusterings,

the Rand index is calculated by noting the relative cluster membership for all pairs

of observations. Consider the pairs of observation that fall into one of the following

two sets: {A} pairs of observation in same cluster under U and in same cluster under

V; {B} pairs of observation in different cluster under U and in different cluster under

V. Let #A and #B denote the number of pairs of observation in each of these two
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sets, respectively. The Rand index is then defined as

Rand =
#A + #B(

T
2

) .

One shortcoming of the Rand index is that it is difficult to compare two different

estimated sets of clusterings, since it does not measure the departure from a given

baseline model. As mentioned in [39], the Rand index, as well as other similarity

indices, are not adjusted for chance (e.g., the index does not take on a constant

value when comparing two random clusterings) for a given model of randomness.

A common model of randomness, used in [39] and [21], is the hypergeometric

model, which conditions on both the number of clusters and their sizes. Under

this model, the adjustment for chance requires the expected index value and its

maximum value. An Adjusted Rand index is then defined as

Adjusted Rand =
Rand − Expected Rand

1 − Expected Rand
,

in which 1 corresponds to the maximum Rand index value.

2.4.2 Univariate Analysis

In this section we compare the simulation performance of the E-Divisive, Multi-

Rank, and the PELT algorithms on various univariate sequences. Within these

simulations, we attempt to identify change points that resulted because of a distri-

butional change in mean, variance, or tail shape. The magnitude of these respective

changes was also varied, as shown in Table 2.1.

For detecting changes in mean and variance, the E-Divisive procedure compares

favorably with the parametric PELT procedure. Since the PELT procedure is
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specifically designed to only identify changes in mean or variance, we compare the

E-Divisive and MultiRank procedures when considering changes in tail shape. The

sample size was also varied T = 150, 300, 600, while the three clusters maintained

equal sizes of T/3, with distributions N(0, 1),G,N(0, 1), respectively. We note that

the Rand index values for the E-Divisive procedure tend towards 1 as the sample

size increases. This follows from the consistency established in Theorem 6.

Change in Mean Change in Variance Change in Tail

T µ E-Divisive PELT σ2 E-Divisive PELT ν E-Divisive MultiRank

150

1 0.9500.001 0.9450.002 2 0.9070.003 0.9350.002 16 0.8350.017 0.6310.005

2 0.9924.6×10−4 0.9904.1×10−4 5 0.9730.001 0.9874.7×10−4 8 0.8360.020 0.6480.005

4 1.0003.7×10−5 0.9999.3×10−5 10 0.9877.1×10−4 0.9942.7×10−4 2 0.8410.011 0.6740.004

300

1 0.9729.1×10−4 0.9738.9×10−4 2 0.9290.003 0.9680.001 16 0.7910.015 0.6240.007

2 0.9962.2×10−4 0.9942.3×10−4 5 0.9905.1×10−4 0.9942.1×10−4 8 0.7290.018 0.6390.006

4 1.0001.0×10−5 1.0004.5×10−5 10 0.9943.2×10−4 0.9981.2×10−4 2 0.8150.006 0.6820.006

600

1 0.9871.5×10−5 0.9874.1×10−4 2 0.9680.001 0.9845.1×10−4 16 0.7350.019 0.6470.016

2 0.9983.9×10−6 0.9971.1×10−4 5 0.9952.2×10−4 0.9971.1×10−4 8 0.7430.025 0.6320.016

4 1.0003.1×10−7 1.0002.3×10−5 10 0.9981.5×10−4 0.9996.4×10−5 2 0.8170.006 0.7080.010

Table 2.1: Results for E-Divisive univariate simulations

Average Rand index and approximate standard errors from 1,000 simulations for

the E-Divisive, PELT and MultiRank methods. Each sample has

T = 150, 300 or 600 observations, consisting of three equally sized clusters, with

distributions N(0, 1),G,N(0, 1), respectively. For changes in mean G = N(µ, 1),

with µ = 1, 2, and 4; for changes in variance G = N(0, σ2), with σ2 = 2, 5, and 10;

and for changes in tail shape G = tν(0, 1), with ν = 16, 8, and 2.

2.4.3 Multivariate Analysis

We next compare the results of running the E-Divisive, KCP and MultiRank meth-

ods on bivariate observations. In these simulations the distributional differences
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are either a change in mean or correlation. The results of these simulations can

be found in Table 2.2. Let N2(µ,Σρ) denote the bivariate normal distribution with

mean vector µ = (µ, µ)′ and covariance matrix Σρ =

1 ρ

ρ 1

 for ρ ∈ (−1, 1), or simply

the identity I for ρ = 0. We use the same setup as in the previous section, with

observations from N2(0, I),G,N2(0, I) distributions, respectively.

For a simultaneous change in mean, with G = N2(µ, I), all methods performed

similarly. When detecting changes in correlation, with G = N2(0,Σρ), the KCP

approach performed best when the sample size was sufficiently large for it to detect

any changes. However, its computational time was about three times longer than

E-Divisive, for these simulations. The MultiRank method was not reliable for

detecting changes in correlation.

The final multivariate simulation examines the performance of the E-Divisive

method as the dimension of the data increases. In this simulation we consider two

scenarios. With noise: in which added components are independent, and do not

have a change point. No noise: in which the added dimensions are correlated,

and all marginal and joint distributions have common change point locations. The

setting is similar to above; each sample of T = 300, 600, or 900 observations consist

of three equally sized clusters, with distributions Nd(0, I),G,Nd(0, I), respectively,

in which d denotes the dimension, for which we consider d = 2, 5 or 9.

For the no noise case, we consider G = Nd(0,Σ0.9), in which the diagonal ele-

ments of Σ0.9 are 1 and the off-diagonal elements are 0.9. For the with noise case,

we consider G = Nd(0,Σnoise
0.9 ), in which the diagonal elements of Σnoise

0.9 are 1 and only

the (1, 2) and (2, 1) elements are 0.9, the others are zero, such that a change in dis-

tribution occurs in the correlation of only the first two components. The results
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Change in Mean Change in Correlation

T µ E-Divisive KCP MultiRank ρ E-Divisive KCP MultiRank

300

1 0.9874.7×10−4 0.9856.6×10−4 0.9834.8×10−4 0.5 0.7120.018 0.331N/A 0.6700.006

2 0.9928.9×10−5 0.9981.1×10−4 0.9911.1×10−4 0.7 0.7580.021 0.331N/A 0.7230.004

3 1.0001.3×10−5 1.0003.9×10−5 0.9915.1×10−5 0.9 0.7690.017 0.331N/A 0.7480.002

600

1 0.9942.2×10−4 0.9932.3×10−4 0.9922.1×10−4 0.5 0.6520.022 0.331N/A 0.7120.011

2 1.0004.3×10−5 0.9995.2×10−5 0.9955.3×10−5 0.7 0.6500.017 0.8480.073 0.7410.006

3 1.0003.3×10−6 1.0002.2×10−5 0.9962.7×10−5 0.9 0.8060.019 0.9870.001 0.7480.002

900

1 0.9961.6×10−4 0.9951.6×10−4 0.9951.3×10−4 0.5 0.6580.024 0.7780.048 0.6660.044

2 1.0003.0×10−5 0.9994.0×10−5 0.9973.5×10−5 0.7 0.6330.022 0.9740.002 0.7640.021

3 1.0005.2×10−6 1.0001.4×10−5 0.9971.8×10−5 0.9 0.9580.004 0.9920.004 0.7410.006

Table 2.2: Results for E-Divisive multivariate simulations

Average Rand index and approximate standard errors from 1,000 simulations for

the E-Divisive, MCP and MultiRank methods. Each sample has

T = 300, 600 or 900 observations, consisting of three equally sized clusters, with

distributions N2(0, I),G,N2(0, I), respectively. For changes in mean G = N2(µ, I),

with µ = (1, 1)′, (2, 2)′, and (3, 3)′; for changes in correlation G = N(0,Σρ), in

which the diagonal elements of Σρ are 1 and the off-diagonal are ρ, with

ρ = 0.5, 0.7, and 0.9.

are shown in Table 2.3. The performance of the E-Divisive method improves with

increasing dimension when all components of the observed vectors are related, i.e.,

no noise, even when the number of observations T is fixed. However, the opposite is

true when the additional components are independent with no change points. We

conjecture that our method performs better when there are simultaneous changes

within the components, and in the presence of noise, dimension reduction may be

necessary to obtain comparable performance.
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T d No Noise With Noise

300

2 0.7230.019 0.7510.018

5 0.9090.010 0.7060.019

9 0.9670.003 0.7100.026

600

2 0.9300.018 0.8220.019

5 0.9945.4×10−4 0.6530.023

9 0.9973.3×10−4 0.6160.021

900

2 0.9670.003 0.9660.003

5 0.9981.8×10−4 0.6420.018

9 0.9991.0×10−4 0.6450.021

Table 2.3: Results for E-Divisive multivariate simulations with growing di-
mension

Average Rand index and approximate standard errors from 1,000 simulations for

the E-Divisive method. Each sample has T = 300, 600 or 900 observations,

consisting of three equally sized clusters, with distributions Nd(0, I),G,Nd(0, I),

respectively, in which d = 2, 5 or 9 denotes the dimension. For the no noise case,

G = Nd(0,Σ0.9), in which the diagonal elements of Σ0.9 are 1 and the off-diagonal

are 0.9. For the with noise case, G = Nd(0,Σnoise
0.9 ), in which the diagonal elements

of Σnoise
0.9 are 1 and only the (1, 2) and (2, 1) elements are 0.9, the others are zero.

2.5 Applications

We now present results from applying the proposed E-Divisive procedure, and

others, to genetics and financial datasets.

2.5.1 Genetics Data

We first consider the genome data from [8]. Genome samples for 57 individuals

with a bladder tumor are scanned for variations in DNA copy number using array

comparative genomic hybridization (aCGH). The relative hybridization intensity
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with respect to a normal genome reference signal is recorded. These observations

were normalized so that the modal ratio is zero on a logarithmic scale.

The approach in [8] assumes that each sequence is constant between change

points, with additive noise. Thus, this approach is primarily concerned with finding

a distributional change in the mean. In order to directly apply the procedures we

first account for missing values in the data; for simplicity, we imputed the missing

values as the average of their neighboring values. We removed all series that had

more than 7% of values missing; leaving genome samples of 43 individuals for

analysis.

When applied to the 43-dimension joint series of individuals, the MultiRank

algorithm found 43 change points, while the E-Divisive algorithm found 97 change

points, using α = 1, a minimum cluster size of 10 observations, R = 499 permuta-

tions and p0 = 0.05 in our significance testing. Estimated change point locations,

for individual 10, under four methods are shown in Figure 2.1. MultiRank esti-

mated 17 change points, with adjusted Rand values of 0.572 (Kernel CP), 0.631

(PELT), 0.677 (E-Divisive), respectively. KCPA estimated 41 change points, with

adjusted Rand values of 0.678 (PELT), 0.658 (E-Divisive), respectively. PELT

estimated 47 change points, with adjusted Rand value of 0.853 (E-Divisive), and

E-Divisive estimated 35 change points.

2.5.2 Financial Data

Here we apply the E-Divisive algorithm to the 262 monthly log returns for Cisco

Systems Inc. stock, an industry leader in the design and manufacturing of net-

works, from April 1990 through January 2012. In our analysis we specified α = 1,
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Figure 2.1: Comparison of change point procedures on aCGH data

The normalized relative aCGH signal for the tenth individual with a bladder

tumor; the estimated change point locations for the MultiRank, KCPA, PELT

and E-Divisive methods are indicated by the dashed vertical lines.

a minimum cluster size of 30 observations, and used R = 499 permutations with a

level of p0 = 0.05 in our significance testing. We estimated two significant change

points, both with approximate p-values below 0.03. The series is shown in Figure

2.2 with vertical lines to denote the estimated change point locations at April 2000

and October 2002.

The change point in April of 2000 corresponds to the company’s acquisition

of Pirelli Optical Systems to counter rising competitors Nortel and Lucent. The

acquisition allowed Cisco to provide its customers with lower network costs and a

more complete network infrastructure. The October 2002 change point represents

the end of a period of highly aggressive ventures in emerging markets, during

which Cisco was chosen to develop a multi-billion dollar network for Shanghai,
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Figure 2.2: Monthly log returns for Cisco

Monthly log returns for Cisco Systems Inc. stock, from April 1990 through

January 2012; the E-Divisive procedure estimates significant changes in

distribution at the vertical lines April 2000 and October 2002.

which became China’s largest urban communications network.

Figure 2.3 shows distributional comparisons between the three time periods.

Quantile-quantile plots between adjacent time periods are shown in the first two

plots and kernel density estimates for each of the three periods are shown in the

third plot. Included with the kernel density estimates are 95% point-wise confi-

dence bands, which were created by applying a bootstrap procedure to each of the

three time periods. The second time period is relatively more volatile and skewed

than either of its neighboring time periods.

To graphically support the assumption of independent observations within clus-

ters, Figure 2.4 shows several lags of the sample auto-correlation function (ACF)

for the returns (top row) and the squared returns (bottom row), for the entire
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Figure 2.3: Kernel density and QQ plots for Cisco time series

Distributional comparisons between the estimated change points from the

E-Divisive procedure: (a,b) quantile-quantile plots between adjacent time periods;

and (c) kernel density estimates for each period with 95% confidence bands.

period (first column) and each sub-period (later columns). The dashed horizontal

lines represent approximate 95% confidence intervals about zero, suggesting that

the lagged correlation statistics are not significant. Within sub-periods there is

no significant serial correlation or conditional heteroskedasticity. Although there

appears to be minor serial dependence when studying the entire series, this is an

artifact of the distributional changes over time.

2.6 An Agglomerative Algorithm

Our hierarchical approach up to this point has only considered the use of a divisive

algorithm. However, we may also consider an agglomerative approach.
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Figure 2.4: Sample auto-correlation plots for Cisco

Sample auto-correlation function for the returns (top row) and the squared

returns (bottom row), for the entire period (first column) and each estimated

sub-period (later columns). The dashed horizontal lines represent approximate

95% confidence intervals about zero.

2.6.1 Overview

Suppose the sequence of observations Z1,Z2, . . . ,ZT are independent, each with

finite αth absolute moment, for some α ∈ (0, 2). Unlike most general purpose

agglomerative clustering algorithms, the proposed procedure will preserve the time

ordering of the observations. The number of change points will be estimated by

the maximization of a goodness-of-fit statistic.

Suppose that we are initially provided a clustering C = {C1,C2, . . . ,Cn} of n

clusters. These clusters need not consist of a single observation. We then impose

the following restriction on which clusters are allowed to be merged. Suppose that

Ci = {Zk,Zk+1, . . . ,Zk+t} and C j = {Z`,Z`+1, . . . ,Z`+s}. To preserve the time ordering,

we allow Ci and C j to merge if either k + t + 1 = ` or ` + s + 1 = k, that is, if Ci and
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C j are adjacent.

To identify which adjacent pair of clusters to merge we use a goodness-of-fit

statistic, defined below. We greedily optimize this statistic by merging the pair

of adjacent clusters that results in either the largest increase or smallest decrease

of the statistic’s value. This process is repeated, recording the goodness-of-fit

statistic at each step, until all observations belong to a single cluster. Finally, the

estimated number of change points is estimated by the clustering that maximizes

the goodness-of-fit statistic over the entire merging sequence.

2.6.2 Goodness-of-Fit

The goodness-of-fit statistic we employ is the between-within distance among ad-

jacent clusters. Suppose that C = {C1,C2, . . . ,Cn}, then

Ŝn(C;α) =

n−1∑
i=1

Q̂(Ci,Ci+1;α), (2.13)

in which Ci and Ci+1 are adjacent, arranged by relabeling the clusters as necessary,

and Q̂ is defined analogous to Equation (2.6).

Initialization of the merging sequence {Ŝk : k = n, . . . , 2} is performed by cal-

culating Q̂ for all pairs of clusters, similar to any agglomerative algorithm. We

additionally note that once a pair of clusters has been merged, the statistic Ŝk can

be updated to Ŝk−1 in O(1); hence, the overall complexity of this approach is O(T 2).
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2.6.3 Toronto EMS Data

In this section we apply the agglomerative algorithm to a spatio-temporal point

process dataset. Data was collected during 2007 in the city of Toronto for all high

priority emergency medical services (EMS) that required at least one ambulance.

For each of these events a time rounded to the nearest second and a spatial location

latitude and longitude were recorded. The hourly city-wide emergency event arrival

rate was modeled in [52]; exploratory analysis immediately reveals that the spatial

distribution also changes with time. This is largely driven by the relative changes

in population density as individuals move throughout the city.

After removing data from holidays and special events, we found significant

distributional changes across the course of a week, but little variation from week

to week. Here we investigate the intra-week changes by pooling all of the ap-

proximately 200,000 events from 2007 into a single weekly period, in which time

indicates seconds since midnight Saturday. Because of the large number of obser-

vations, we initialize the agglomerative algorithm by first partitioning the week

into 672 equally spaced 15 minute periods.

The results from running the algorithm with α = 1 are shown in the top of

Figure 2.5. The goodness-of-fit measure in Equation (2.13) was maximized at 31

change points. The estimated change point locations occur everyday, primarily

in the evening. Several changes occur after little duration, indicating times when

the spatial distribution is quickly changing. Density estimates from observation in

three adjacent cluster periods are shown, on the square-root scale, in the bottom

of Figure 2.5. We note a persistently large density in the downtown region and

various shape changes in the outlying regions.
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Figure 2.5: Toronto EMS data representation

Results from application of the proposed agglomerative algorithm on the Toronto

EMS ambulance data: (a) the goodness-of-fit measure of Equation (2.13); (b) the

31 estimated change point locations; and spatial density estimates, on the

square-root scale, from observation in three adjacent cluster periods (c) Tuesday

19:15 - 20:45, (d) Tuesday 20:45 - 22:30, and (e) Tuesday 22:30 - Wednesday

19:15.

2.7 Conclusion

We have presented a method to perform multiple change point analysis of an

independent sequence of multivariate observations. We are able to consistently

detect any type of distributional change, and do not make any assumptions beyond

the existence of the αth absolute moment, for some α ∈ (0, 2). The proposed

methods are able to estimate both the number of change points and their locations,

thus eliminating the need for prior knowledge or supplementary analysis, unlike the

methods presented in [34], [48], or [49]. Furthermore, this advantage does not come

at the expense of additional computational complexity; similar to the previously

mentioned methods, the proposed approach is O(kT 2).
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Both divisive and agglomerative versions of this method have been presented.

The divisive version hierarchically tests the statistical significance of each hier-

archically estimated change point, while the agglomerative version proceeds by

optimizing a goodness-of-fit statistic. Because we have established consistency for

the divisive procedure we prefer it in practice, even though its computation is

dependent on the number of change points that are estimated.

2.8 Appendix

Let 〈t, x〉 denote the scalar product of vectors t, x ∈ Rd. The following lemma

is crucial to establishing a link between characteristic functions and Euclidean

distances.

Lemma 7. If α ∈ (0, 2), then ∀x ∈ Rd

∫
Rd

1 − cos〈t, x〉
|t|d+α

dt =
2πd/2Γ(1 − α/2)
α2αΓ((d + α)/2)

|x|α,

in which Γ(·) is the complete gamma function.

Proof. See page 177 in [73]. �

Proof of Lemma 1.

Lemma 1. For any pair of independent random vectors X,Y ∈ Rd, and for any

α ∈ (0, 2), if E(|X|α + |Y |α) < ∞, then E(X,Y;α) = D(X,Y;α), E(X,Y;α) ∈ [0,∞), and

E(X,Y;α) = 0 if and only if X and Y are identically distributed.
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Proof. Let w(t) denote any arbitrary positive weight function and note that X and

Y are identically distributed if and only if Equation (2.1) is equal to zero. Take

w(t) equal to w(t;α), as defined in Equation (2.2). By definition

|φx(t) − φy(t)|2 = [φx(t) − φy(t)][φx(t) − φy(t)]

= [φx(t) − φy(t)][φx(t) − φy(t)]

= φx(t)φx(t) + φy(t)φy(t) − φx(t)φy(t) − φy(t)φx(t).

By the boundedness property of characteristic functions, Fubini’s theorem implies

the following equalities

φx(t)φx(t) = E
(
ei〈t,X〉

)
E
(
e−i〈t,X〉

)
= E

(
ei〈t,X−X′〉

)
= E(cos〈t, X − X′〉),

φy(t)φy(t) = E
(
ei〈t,Y〉

)
E
(
e−i〈t,Y〉

)
= E

(
ei〈t,Y−Y′〉

)
= E(cos〈t,Y − Y ′〉),

φx(t)φy(t) = E
(
ei〈t,X〉

)
E
(
e−i〈t,Y〉

)
= E

(
ei〈t,X−Y′〉

)
= E(cos〈t, X − Y ′〉) + E(i sin〈t, X − Y ′〉),

φy(t)φx(t) = E
(
ei〈t,Y〉

)
E
(
e−i〈t,X〉

)
= E

(
ei〈t,Y−X′〉

)
= E(cos〈t,Y − X′〉) + E(i sin〈t,Y − X′〉).

Note that E(i sin〈t, X −Y ′〉) + E(i sin〈t,Y −X′〉) = 0,∀t. Then, applying the algebraic

identity

a + b − c − d = (1 − c) + (1 − d) − (1 − a) − (1 − b)

we have

|φx(t) − φy(t)|2 = [1 − E(cos〈t, X − Y ′〉)] + [1 − E(cos〈t,Y − X′〉)]

− [1 − E(cos〈t, X − X′〉)] − [1 − E(cos〈t,Y − Y ′〉)],

hence ∫
|φx(t) − φy(t)|2 w(t;α) dt =

∫
E(1 − cos〈t, X − Y ′〉) w(t;α) dt

+

∫
E(1 − cos〈t,Y − X′〉) w(t;α) dt

−

∫
E(1 − cos〈t, X − X′〉) w(t;α) dt

−

∫
E(1 − cos〈t,Y − Y ′〉) w(t;α) dt.
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For any α ∈ (0, 2), if E(|X|α + |Y |α) < ∞, then the triangle inequality implies E|X −

X′|α, E|Y − Y ′|α, E|X − Y ′|α, E|Y − X′|α < ∞. Therefore, by Fubini’s theorem and

Lemma 7 it follows that

D(X,Y;α) =

∫
|φx(t) − φy(t)|2 w(t;α) dt

= E

∫ (1 − cos〈t, X − Y ′〉)
(

2πd/2Γ(1 − α/2)
α2αΓ(d/2 + α/2)

|t|d+α

)−1

dt


+ E

∫ (1 − cos〈t,Y − X′〉)
(

2πd/2Γ(1 − α/2)
α2αΓ(d/2 + α/2)

|t|d+α

)−1

dt


− E

∫ (1 − cos〈t, X − X′〉)
(

2πd/2Γ(1 − α/2)
α2αΓ(d/2 + α/2)

|t|d+α

)−1

dt


− E

∫ (1 − cos〈t,Y − Y ′〉)
(

2πd/2Γ(1 − α/2)
α2αΓ(d/2 + α/2)

|t|d+α

)−1

dt


= E|X − Y ′|α + E|Y − X′|α − E|X − X′|α − E|Y − Y ′|α

= E(X,Y;α).

Finally, E(X,Y;α) ≥ 0 since the integrand in Equation (2.3) is non-negative. �
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CHAPTER 3

ECP: AN R PACKAGE FOR NONPARAMETRIC MULTIPLE

CHANGE POINT ANALYSIS OF MULTIVARIATE DATA

3.1 Introduction

Change point analysis is the process of detecting distributional changes within

time-ordered observations. This arises in financial modeling [74], where correlated

assets are traded and models are based on historical data. It is applied in bioin-

formatics [57] to identify genes that are associated with specific cancers and other

diseases. Change point analysis is also used to detect credit card fraud [9] and

other anomalies [1, 69]; and for data classification in data mining [51].

We introduce the ecp R package for multiple change point analysis of mul-

tivariate time series [53]. The ecp package provides methods for change point

analysis that are able to detect any type of distributional change within a time

series. Determination of the number of change points is also addressed by these

methods as they estimate both the number and locations of change points simul-

taneously. The only assumptions placed on distributions are that the absolute αth

moment exists, for some α ∈ (0, 2], and that observations are independent over

time. Distributional changes are identified by making use of the energy statistic of

[73, 67].

There are a number of freely available R packages that can be used to perform

change point analysis, each making its own assumptions about the observed time

series. For instance, the changepoint package [45] provides many methods for per-

forming change point analysis of univariate time series. Although the package only
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considers the case of independent observations, the theory behind the implemented

methods allows for certain types of serial dependence [44]. For specific methods,

the expected computational cost can be shown to be linear with respect to the

length of the time series. Currently, the changepoint package is only suitable for

finding changes in mean or variance. This package also estimates multiple change

points through the use of penalization. The drawback to this approach is that it

requires a user specified penalty term.

The cpm package [68] similarly provides a variety of methods for performing

change point analysis of univariate time series. These methods range from those to

detect changes in independent Gaussian data to fully nonparametric methods that

can detect general distributional changes. Although this package provides methods

to perform analysis of univariate time series with arbitrary distributions, these

methods cannot be easily extended to detect changes in the full joint distribution

of multivariate data.

Unlike the changepoint and cpm packages, the bcp package [19] is designed to

perform Bayesian single change point analysis of univariate time series. It returns

the posterior probability of a change point occurring at each time index in the

series. Recent versions of this package have reduced the computational cost from

quadratic to linear with respect to the length of the series. However, all versions

of this package are only designed to detect changes in the mean of independent

Gaussian observations.

The strucchange package [81] provides a suite of tools for detecting changes

within linear regression models. Many of these tools however, focus on detecting at

most one change within the regression model. This package also contains methods

that perform online change detection, thus allowing it to be used in settings where
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there are multiple changes. Additionally, if the number of changes is known a

priori then the breakpoints method [80] can be used to perform retrospective

analysis. For a given number of changes, this method returns the change point

estimates which minimize the residual sum of squares.

In Section 3.2 we introduce the energy statistic of [73, 67], which is the fun-

damental divergence measure applied for change point analysis. Sections 3.3

and 3.4 provide examples of the package’s methods applied to simulated data

and real datasets. In the Appendix we include an outline of the algorithms

used by this package’s methods. Finally, the ecp package can be obtained at

http://cran.r-project.org/web/packages/ecp/.

3.2 The ecp package

The ecp package is designed to address many of the limitations of the currently

available change point packages. It is able to perform multiple change point anal-

ysis for both univariate and multivariate time series. The methods are able to

estimate multiple change point locations, without a priori knowledge of the num-

ber of change points. The procedures assume that observations are independent

with finite αth absolute moments, for some α ∈ (0, 2].

3.2.1 Measuring differences in multivariate distributions

[73, 67] introduce a divergence measure that can determine whether two indepen-

dent random vectors are identically distributed. Suppose that X,Y ∈ Rd are such

that, X ∼ F and Y ∼ G, with characteristic functions φx(t) and φy(t), respectively.
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A divergence measure between the two distributions may be defined as∫
Rd
|φx(t) − φy(t)|2 w(t) dt,

in which w(t) is any positive weight function, for which the above integral is defined.

Following [53] we employ the following weight function,

w(t;α) =

(
2πd/2Γ(1 − α/2)
α2αΓ[(d + α)/2]

|t|d+α

)−1

,

for some fixed constant α ∈ (0, 2). Thus our divergence measure is

D(X,Y;α) =

∫
Rd
|φx(t) − φy(t)|2

(
2πd/2Γ(1 − α/2)
α2αΓ[(d + α)/2]

|t|d+α

)−1

dt.

An alternative divergence measure based on Euclidean distances may be defined

as follows

E(X,Y;α) = 2E|X − Y |α − E|X − X′|α − E|Y − Y ′|α.

In the above equation, X′ and Y ′ are independent copies of X and Y, respectively.

Then given our choice of weight function, we have the following result.

Lemma 8. For any pair of independent random variables X,Y ∈ Rd and for any

α ∈ (0, 2), if E(|X|α + |Y |α) < ∞, then D(X,Y;α) = E(X,Y;α), E(X,Y;α) ∈ [0,∞),

and E(X,Y;α) = 0 if and only if X and Y are identically distributed.

Proof. A proof is given in the appendices of [73] and [53]. �

Thus far we have always assumed that α ∈ (0, 2), because in this setting

E(X,Y;α) = 0 if and only if X and Y are identically distributed. However, if

we allow for α = 2 a weaker result of equality in mean is obtained.

Lemma 9. For any pair of independent random variables X,Y ∈ Rd, if E(|X|2 +

|Y |2) < ∞, then D(X,Y; 2) = E(X,Y; 2), E(X,Y; 2) ∈ [0,∞), and E(X,Y; 2) = 0 if and

only if EX = EY.
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Proof. See [73]. �

3.2.2 A sample divergence for multivariate distributions

Let X ∼ F and Y ∼ G for arbitrary distributions F and G. Additionally, select

α ∈ (0, 2) such that E|X|α, E|Y |α < ∞. Let Xn = {Xi : i = 1, 2, . . . , n} be n indepen-

dent observations with Xi ∼ F, and Ym = {Y j : j = 1, . . . ,m} are m independent

observations with Y j ∼ G. Furthermore, we assume full mutual independence be-

tween all observations, Xn ⊥⊥ Ym. Then Lemmas 8 and 9 allow for the construction

of the following sample divergence measure.

Ê(Xn,Ym;α) =
2

mn

n∑
i=1

m∑
j=1

|Xi − Y j|
α −

(
n
2

)−1∑
1≤i<k≤n

|Xi − Xk|
α −

(
m
2

)−1∑
1≤ j<k≤m

|Y j − Yk|
α. (3.1)

By the strong law of large numbers for U-statistics [35] Ê(Xn,Ym;α)
a.s.
→ E(X,Y;α) as

n∧m→ ∞. Equation 3.1 allows for an estimation of D(X,Y;α) without performing

high dimensional integration. Furthermore, let

Q̂(Xn,Ym;α) =
mn

m + n
Ê(Xn,Ym;α)

denote the scaled empirical divergence. Under the null hypothesis of equal distri-

butions, i.e., E(X,Y;α) = 0, [67] show that Q̂(Xn,Ym;α) converges in distribution

to a non-degenerate random variable Q(X,Y;α) as m ∧ n→ ∞. Specifically,

Q(X,Y;α) =

∞∑
i=1

λiQi

in which λi ≥ 0 are constants that depend on α and the distributions of X and Y, and

the Qi are iid chi-squared random variables with one degree of freedom. Under the

alternative hypothesis of unequal distributions, i.e., E(X,Y;α) > 0, Q̂(Xn,Ym;α)→

∞ almost surely as m ∧ n→ ∞.
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Using these facts we are able to develop two hierarchical methods for performing

change point analysis, which we present in Sections 3.3 and 3.4.

3.3 Hierarchical divisive estimation

We first present the method for performing hierarchical divisive estimation of mul-

tiple change points. Here multiple change points are estimated by iteratively ap-

plying a procedure for locating a single change point. At each iteration a new

change point location is estimated so that it divides an existing segment. As a

result, the progression of this method can be diagrammed as a binary tree. In this

tree, the root node corresponds to the case of no change points, and thus contains

the entire time series. All other non-root nodes are either a copy of their parent, or

correspond to one of the new segments created by the addition of a change point

to their parent.

Let Z1, . . . ,ZT ∈ R
d be an independent sequence of observations and let 1 ≤

τ < κ ≤ T be constants. Now define the following sets, Xτ = {Z1,Z2, . . . ,Zτ} and

Yτ(κ) = {Zτ+1, . . . ,Zκ}. A change point location τ̂ is estimated as

(τ̂, κ̂) = argmax
(τ,κ)

Q̂(Xτ,Yτ(κ);α).

In [75] it is shown that binary segmentation procedures may not be able to detect

some change points in a multiple change point setting. The variable κ is introduced

in an attempt to overcome this problem by allowing for the examination of smaller

segments within the series. Within these smaller segments, binary segmentation

will be able to detect all change points.

The statistical significance of a change point is determined through a permuta-
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tion test, since the distribution of Q(X,Y;α) depends on the unknown distributions

of the observations. In the case of independent observations, [53] show that this

procedure generates strongly consistent change point estimates. A more complete

outline of the divisive approach is given in the Appendix.

The signature of the method used to perform analysis based on this divisive

approach is

e.divisive(X, sig.lvl = 0.05, R = 199, eps = 1e-3,

half = 1000, k = NULL, min.size = 30, alpha = 1)

The arguments of this function are:

• X - A T×d matrix representation of a length T time series, with d-dimensional

observations.

• sig.lvl - The marginal significance level used for the sequence of permuta-

tion tests.

• R - The maximum number of permutations to perform in the permutation

test. The estimated p-value is calculated using the method outlined in [25].

• eps - The uniform error bound on the resampling risk [25].

• half - A constant used to control the epsilon spending rate, see [25] for

further details.

• k - The number of change points to return. If this is NULL only the statistically

significant estimated change points are returned.

• min.size - The minimum number of observations between change points.

• alpha - The index for the test statistic, as described in Section 3.2.

43



The returned value is a list with the following components:

• estimates - A vector containing the estimated change point locations.

• cluster - The estimated cluster membership vector.

• k.hat - The number of segments created by the estimated change points.

• order.found - The estimated change point locations in the order in which

they were estimated.

• considered.last - The location of the last estimated change point that was

not deemed statistically significant.

• p.values - The approximate p-values returned by the sequence of permuta-

tion tests.

• permutations - The number of permutations performed by each of the se-

quential permutation test.

The time complexity of this method is O(kT 2), where k is the number of estimated

change points, and T is the number of observations in the series.

3.3.1 Examples

We present some examples which illustrate the use of the e.divisive method.

Change in univariate normal distribution

We begin with the simple case of identifying changes in univariate normal distri-

butions. The following example provides the output when using the method with
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different values of α. As can be seen, if α = 2 the e.divisive method can only

identify changes in mean. For this reason, it is recommended that α is selected so

as to lie in the interval (0, 2). Figure 3.1 depicts the example time series, along

with the change points associated with the results obtained by using α = 1.

> set.seed(250)

> library(ecp)

> period1 <- rnorm(100)

> period2 <- rnorm(100,0,3)

> period3 <- rnorm(100,2,1)

> period4 <- rnorm(100,2,4)

> X.3.1.1 <- matrix(c(period1,period2,period3,period4),ncol=1)

> output1 <- e.divisive(X.3.1.1, R = 499, alpha = 1)

> output2 <- e.divisive(X.3.1.1, R = 499, alpha = 2)

> output2$estimates

[1] 1 201 358 401

> output1$k.hat

[1] 4

> output1$order.found

[1] 1 401 201 308 108

> output1$estimates
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[1] 1 108 201 308 401

> output1$considered.last

[1] 358

> output1$p.values

[1] 0.002 0.002 0.010 1.000

> output1$permutations

[1] 499 499 499 5

> ts.plot(X.3.1.1,ylab='Value',

+ main='Change in a Univariate Gaussian Sequence')

> abline(v=c(101,201,301),col='blue')

> abline(v=output1$estimates[c(-1,-5)],col='red',lty=2)

Multivariate change in covariance

Next we apply the e.divisive method to multivariate data. In this example

the marginal distributions remain the same, while the joint distribution changes.

Therefore, applying a univariate change point procedure to each margin, such as

those implemented by the changepoint, cmp, and bcp packages, will not detect

the change. The observations in this example are drawn from trivariate normal

distributions with differing correlation matrices. Observations are generated by

using the mvtnorm package [26].

46



Change in a Univariate Gaussian Sequence

Time
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Figure 3.1: Simulated Gaussian data with 3 change points

Simulated independent Gaussian observations with changes in mean or variance.

Dashed vertical lines indicate the estimated change point locations. Solid vertical

lines indicate the true change point locations.

> set.seed(200)

> library(ecp)

> library(mvtnorm)

> mu <- rep(0,3)

> covA <- matrix(c(1,0,0,0,1,0,0,0,1),3,3)

> covB <- matrix(c(1,0.9,0.9,0.9,1,0.9,0.9,0.9,1),3,3)

> period1 <- rmvnorm(250, mu, covA)

> period2 <- rmvnorm(250, mu, covB)

> period3 <- rmvnorm(250, mu, covA)

> X.3.1.2 <- rbind(period1, period2, period3)

> output <- e.divisive(X.3.1.2, R = 499, alpha = 1)

> output$estimates
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[1] 1 250 502 751

Multivariate change in tails

In this section we provide a second multivariate example. In this case, the change

in distribution is caused by a change in tail behavior. Data points are drawn

from a bivariate normal distribution and a bivariate Student’s t-distribution with

2 degrees of freedom. Figure 3.2 depicts the different samples within the time

series.

> set.seed(100)

> library(ecp)

> library(mvtnorm)

> mu <- rep(0,2)

> period1 <- rmvnorm(250, mu, diag(2))

> period2 <- rmvt(250, sigma = diag(2), df = 2)

> period3 <- rmvnorm(250, mu, diag(2))

> X.3.1.3 <- rbind(period1, period2, period3)

> output <- e.divisive(X.3.1.3, R = 499, alpha = 1)

> output$estimates

[1] 1 257 504 751
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Figure 3.2: Simulated multivariate data with 2 changes in tail behavior

Data set used for example in Section 3.3.1. Periods 1 and 3 contain independent

bivariate Gaussian observations with mean vector (0, 0)> and identity covariance

matrix. The second time period contains independent observations from a bivariate

Student’s t-distribution with 2 degrees of freedom and identity covariance matrix.

3.3.2 Real data

In this section we analyze the results obtained by applying the e.divisive method

to two real datasets. We first apply the e.divisive method to the micro-array

aCGH data from [8]. In this data set we are provided with records of the copy-

number variations for multiple individuals. Next we apply the e.divisive method

to a set of financial time series. For this we consider weekly log returns of the

companies which compose the Dow Jones Industrial Average.
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Micro-array data

This dataset consists of micro-array data for 57 different individuals with a bladder

tumor. Since all individuals have the same disease, we would expect the change

point locations to be almost identical on each micro-array set. The approach

taken by [8] assumes that each micro-array can be modeled by a piecewise constant

function, and is thus focused on changes in mean. To contrast, both the MultiRank

and E-Divisive approaches are able to detect changes in mean, but can also detect

other changes such as changes in variability.

The original dataset from [8] contained missing values, and thus our procedure

could not be directly applied. We therefore, removed all individuals for which more

than 7% of the value were missing. The remaining missing values we replaced by

the average of their neighboring values. After performing this cleaning process, we

were left with a sample of d = 43 individuals, which can be accessed by data(ACGH).

When applied to the full 43 dimensional series, the MultiRank procedure estimated

43 changes points, while the E-Divisive algorithm estimated 97. Figures 3.3 and

3.4 provide the results of applying the e.divisive and MultiRank methods to a

subsample of two individuals (persons 10 and 15). The e.divisive procedure was

run with alpha=1, min.size=15, and R=499. The marginal series are plotted, and

the dashed lines are the estimated change point locations.

Financial data

Next we consider weekly log returns for the companies which compose the Dow

Jones Industrial Average (DJIA). The time period under consideration is April

1990 to January 2012, thus providing us with 1140 observations. Since the time
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Figure 3.3: E-Divisive applied to two aCGH datasets

The aCGH data for individuals 10 and 15. The e.divisive procedure was run

with the minimum segment size set to 15. Estimated change points are indicated

by dashed vertical lines.

series for Kraft Foods Inc. does not span this entire period, it is not included in

our analysis. This dataset is accessible by running data(DJIA).

When applied to the 29 dimensional series, the e.divisive method identified

change points at 7/13/98, 3/24/03, 9/15/08, and 5/11/09. The change points at

5/11/09 and 9/15/08 correspond to the release of the Supervisory Capital Asset

Management program results, and the Lehman Brothers bankruptcy filing, respec-

tively.

For comparison we also considered the univariate time series for the DJIA In-
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Figure 3.4: MultieRank applied to two aCGH datasets

The aCGH data for individuals 10 and 15. The MultiRank procedure was run

with the ability to estimate at most 147 change points. Estimated change point

locations are indicated by dashed vertical lines.

dex weekly log returns. In this setting, change points were identified at 10/21/96,

3/31/03, 10/15/07, and 3/9/09. Once again, some of these change points corre-

spond to major financial events. The change point at 3/9/09 can be attributed to

Moody’s rating agency threatening to downgrade Wells Fargo & Co., JP Morgan

Chase & Co., and Bank of America Corp. The 10/15/07 change point is located

around the time of the financial meltdown caused by subprime mortgages. In both

the univariate and multivariate cases the change point in March 2003 is around

the time of the 2003 U.S. invasion of Iraq. A plot of the DJIA weekly log returns

is provided in Figure 3.5 along with the locations of the estimated change points.
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Figure 3.5: Weekly log returns for the Dow Jones Industrial Average

Weekly log returns for the Dow Jones Industrial Average index from April 1990 to

January 2012. The dashed vertical lines indicate the locations of estimated change

points. The estimated change points are located at 10/21/96, 3/31/03, 10/15/07,

and 3/9/09.

3.4 Hierarchical agglomerative estimation

We now present a method for performing hierarchical agglomerative estimation of

multiple change points. This method requires that an initial segmentation of the

data be provided. This initial segmentation can help to reduce the computational

time of the procedure. It also allows for the inclusion of a priori knowledge of

possible change point locations, however if no such assumptions are made, then

each observation can be assigned to its own segment. Neighboring segments are

then sequentially merged to maximize a goodness-of-fit statistic. The estimated

change point locations are determined by the iteration which maximized the pe-

nalized goodness-of-fit statistic. When using the e.agglo procedure it is assumed

53



that there is at least one change point present within the time series.

The goodness-of-fit statistic used in [53] is the between-within distance [73]

among adjacent segments. Let C = {C1, . . . ,Cn} be a segmentation of the T obser-

vations into n segments, such that each segment Ci contains mi contiguous obser-

vations. The goodness-of-fit statistic is defined as

Ŝn(C;α) =

n∑
i=1

Q̂(Ci,Ci+1;α)

which is equivalent to

n∑
i=1




2
mi + mi+1

∑
Z j∈Ci

Zk∈Ci+1

Zαjk

 −


2mi+1

(mi − 1)(mi + mi+1)

∑
Z j ,Zk∈Ci

j<k

Zαjk

 −


2mi

(mi+1 − 1)(mi + mi+1)

∑
Z j ,Zk∈Ci+1

j<k

Zαjk


 ,

in which Ci and Ci+1 are adjacent segments, Cn+1 = C1, and Zα
jk = |Z j − Zk|

α. At

each stage of the agglomerative process, the adjacent segments that are merged are

those that result in the greatest increase (or smallest decrease) of the goodness-of-

fit statistic. Therefore, for an initial segmentation with n segments, this procedure

generates a sequence of n − 1 goodness-of-fit statistics Ŝk.

If overfitting is a concern, it is possible to penalize the sequence of goodness-

of-fit statistics. This is accomplished through the use of the penalty argument,

which generates a penalty based upon change point locations. Thus, the change

point locations are estimated by maximizing

S̃k = Ŝk + penalty(~τ(k))

where ~τ(k) is the set of change points associated with the goodness-of-fit statistic

Ŝk. Examples of penalty terms include

penalty1 = function(cp){-length(cp)}

penalty2 = function(cp){mean(diff(sort(cp)))}

in which penalty1 penalizes based upon the number of change points, while

penalty2 penalizes based upon the average distance between change points.
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The signature of the method used to perform agglomerative analysis is

e.agglo(X, member = 1:nrow(X), alpha = 1, penalty =

function(cp){0})

The function’s arguments are:

• X - A T×d matrix representation of a length T time series, with d-dimensional

observations.

• member - A numeric vector that provides the initial cluster membership for

each observation.

• alpha - The index for the test statistic, as described in Section 3.2.

• penalty - A function used to penalize the obtained goodness-of-fit statistics.

The input for this function is a vector of change point locations cp.

The returned value is a list with the following components:

• opt - The locations of the estimated change points for the maximized

goodness-of-fit statistic with penalization.

• fit - A vector detailing the progression of the penalized goodness-of-fit statis-

tic.

• cluster - The estimated cluster membership vector.

• merged - A (T −1)×2 matrix indicating which segments were merged at each

step of the agglomerative procedure.

• progression - A T × (T + 1) matrix detailing the progression of the set of

change point estimates.
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The update from Ŝk to Ŝk−1 is O(1), so the overall computational complexity is

O(T 2). Like the e.divisive method, this is quadratic in the number of observa-

tions, however its complexity does not depend on the number of estimated change

points.

3.4.1 Examples

In this section we present two examples that demonstrate the use of the e.agglo

method.

Change in normal distributions

In this example, we use the data set created in Section 3.3.1. The number and

locations of change points are then estimated by using the agglomerative procedure.

Since the e.agglo method requires an initial segmentation of the data we have

chosen to create 40 equally sized segments.

> library(ecp)

> member <- rep(1:40,rep(10,40))

> output <- e.agglo(X = X.3.1.1, member = member, alpha = 1)

> output$opt

[1] 1 101 201 301 401

> tail(output$fit,5)

[1] 100.05695 107.82542 104.30608 102.64330 -17.10722
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> output$progression[1,1:10]

[1] 1 11 21 31 41 51 61 71 81 91

> output$merged[1:4,]

[,1] [,2]

[1,] -39 -40

[2,] -1 -2

[3,] -38 1

[4,] 2 -3

Multivariate change in covariance

This example illustrates the use of the e.agglo method with multivariate observa-

tions. We apply the e.agglo procedure to the trivariate data from Section 3.3.1.

The data is initially segmented into 15 equally sized segments.

> library(ecp)

> member <- rep(1:15,rep(50,15))

> pen = function(x) -length(x)

> output1 <- e.agglo(X = X.3.1.2, member = member, alpha = 1)

> output2 <- e.agglo(X = X.3.1.2, member = member, alpha = 1,

+ penalty = pen)

> output1$opt

[1] 1 101 201 301 351 501 601 701 751
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> output2$opt

[1] 301 501

In this case, if we don’t penalize the procedure it generates too many change

points, as can be seen by the retsult of output1. When penalizing based upon

the number of change points we obtain a much more accurate result, as shown by

output2. Here the e.agglo method has indicated that observations 1 through 300

and observations 501 through 750 are identically distributed.

3.4.2 Inhomogeneous spatio-temporal point process

We apply the e.agglo procedure to a spatio-temporal point process. The exam-

ined data set consist of 10,498 observations, each with associated time and spatial

coordinates. This data set spans the time interval [0, 7] and has spatial domain

R2. It contains 3 change points, which occur at times t1 = 1, t2 = 3, and t3 = 4.5.

Over each of these subintervals, [ti, ti+1] the process is an inhomogeneous Poisson

point process with intensity function λ(s, t) = fi(s), a 2-d density function, for

i = 1, 2, 3, 4. This intensity function is chosen to be the density function for a

mixture of 3 bivariate normal distributions,

N


−7

−7

 ,
25 0

0 25


 , N


00

 ,
9 0

0 1


 , and N


5.50

 ,
 9 0.9

0.9 9


 .

For the time periods, [0, 1], (1, 3], (3, 4.5], and (4.5, 7] the respective mixture pa-

rameters are (
1
3
,

1
3
,

1
3

)
,

(
1
5
,

1
2
,

3
10

)
,

(
7

20
,

3
10
,

7
20

)
, and

(
1
5
,

3
10
,

1
2

)
.
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To apply the e.agglo procedure we initially segment the observations into 50

segments such that each segment spans an equal amount of time. At its termina-

tion, the e.algo procedure, with no penalization, identified change points at times

0.998, 3.000, and 4.499. These results can be obtained with the following

> library(mvtnorm); library(combinat); library(MASS); library(ecp)

> set.seed(2013)

>

> lambda = 1500 # This is the overall arrival rate per unit time.

> #set of distribution means

> muA = c(-7,-7); muB = c(0,0); muC = c(5.5,0)

> #set of distribution covariance matrices

> covA = 25*diag(2); covB = matrix(c(9,0,0,1),2)

> covC = matrix(c(9,.9,.9,9),2)

> #time intervals

> time.interval = matrix(c(0,1,3,4.5,1,3,4.5,7),4,2)

> #mixing coefficents

> mixing.coef = rbind(c(1/3,1/3,1/3),c(.2,.5,.3),

+ c(.35,.3,.35), c(.2,.3,.5))

>

> stppData = NULL

> for(i in 1:4){

+ count = rpois(1, lambda* diff(time.interval[i,]))

+ Z = rmultz2(n = count, p = mixing.coef[i,])

+ S = rbind(rmvnorm(Z[1],muA,covA), rmvnorm(Z[2],muB,covB),

+ rmvnorm(Z[3],muC,covC))

+ X = cbind(rep(i,count), runif(n = count, time.interval[i,1],
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+ time.interval[i,2]), S)

+ stppData = rbind(stppData, X[order(X[,2]),])

+ }

>

> member = as.numeric(cut(stppData[,2], breaks = seq(0,7,by=1/12)))

> output = e.agglo(X = stppData[,3:4], member = member, alpha = 1)

The e.agglo procedure was also run on the above data set using the following

penalty function,

• pen = function(cp){ -length(cp) }

When using pen, change points were also estimated at times 0.998, 3.000, 4.499

The progression of the goodness-of-fit statistic for the different schemes is plotted

in Figure 3.6. A comparison of the true densities and the estimated densities

obtained from the procedure’s results with no penalization are done in Figures

3.7 and 3.8, respectively. As can be see, the estimated results obtained from the

e.agglo procedure provide a reasonable approximation to the true densities.

3.5 Performance analysis

To compare the performance of different change point methods we used the Rand

Index [64] as well as Morey and Agresti’s Adjusted Rand Index [55]. These indices

provide a measure of similarity between two different segmentations of the same

set of observations.

Suppose that the two clusterings of the T observations are given by U =
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Figure 3.6: E-Agglomerative goodness-of-fit values

The progression of the goodness-of-fit statistic for the various penalization schemes.

{U1, . . . ,Ua} and V = {V1, . . . ,Vb}, with a and b clusters, respectively. The Rand

Index evaluates similarity by examining the cluster membership of pairs of obser-

vations. Consider the pairs of observations that belong to the following sets:

{A} Pairs of observations that are in the same cluster under both U & V.

{B} Pairs of observations that are in different clusters under both U & V.
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Figure 3.7: True density plots for simulates spatio-temporal point process

True density plots for the different segments of the spatio-temporal point process

in Section 3.4.2.

The Rand Index is then defined as

Rand =
#A + #B(

T
2

) .

A shortcoming of the Rand Index is that it does not measure departure from a

given baseline model, thus making it difficult to compare two different estimated

clusterings. The hypergeometric model is a popular choice for the baseline, and is

used by [39] and [21]. This choice of model conditions on the number of clusters as

well as their sizes. Under this model we are able to determine the expected value
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Figure 3.8: Estimated density plots for simulates spatio-temporal point pro-
cess

Estimated density plots for the estimated segmentation provided by the e.algo

procedure when applied to the spatio-temporal point process in Section 3.4.2.

of the Rand Index, and using this information the Adjusted Rand Index is

Adjusted Rand =
Rand − Expected Rand

1 − Expected Rand
.

By using the Rand and Adjusted Rand Indices we are able to assess the per-

formance of change point procedures, and compare the performance of different

change point procedures. When used to compare different change point proce-

dures, the Rand and Adjusted Rand Indices are sensitive to the two main factors

of a change point model; the number of change points, and their locations. In

our simulation study the Rand and Adjusted Rand Indices are determined by
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comparing the segmentation created by a change point procedure and the true

segmentation. We compare the performance of our e.divisive procedure against

that of our e.agglo. The results of the simulations are provided in Tables 3.1

and 3.2. Table 3.1 provides the results for simulations with univariate time series,

while Table 3.2 provides the results for the multivariate time series. In these tables,

average Rand Index along with standard errors are reported for 1000 simulations.

Although not reported, similar results are obtained for the average Adjusted Rand

Index.

Both the Rand Index and Adjusted Rand Index can be easily obtained through

the use of the adjustedRand function in the clues package [12]. If U and V are

membership vectors for two different segmentations of the data, then the required

index values are obtained as follows,

> library(clues)

> RAND <- adjustedRand(U,V)

The Rand Index is stored in RAND[1], while RAND[2] and RAND[3] store various

Adjusted Rand indices. These Adjusted Rand indices make different assumptions

on the baseline model, and thus arrive at different values for the expected Rand

index.

3.6 Conclusion

The ecp package is able to perform nonparametric change point analysis of multi-

variate data. The package provides two primary methods for performing analysis,

64



Change in Mean Change in Variance Change in Tail

T µ E-Divisive E-Agglo σ2 E-Divisive E-Agglo ν E-Divisive E-Agglo

150

1 0.9500.001 0.9640.004 2 0.9070.003 0.9140.012 16 0.8350.017 0.5446.1×10−4

2 0.9924.6×10−4 0.9910.001 5 0.9730.001 0.9610.002 8 0.8360.020 0.5435.9×10−4

4 1.0003.7×10−5 1.0000.000 10 0.9877.1×10−4 0.9780.002 2 0.8410.011 0.5457.5×10−4

300

1 0.9729.1×10−4 0.9530.002 2 0.9290.003 0.9480.021 16 0.7910.015 0.5522.1×10−4

2 0.9962.2×10−4 0.9946.4×10−4 5 0.9905.1×10−4 0.9760.001 8 0.7290.018 0.5512.2×10−4

4 1.0001.0×10−5 1.0000.000 10 0.9943.2×10−4 0.9888.9×10−4 2 0.8150.006 0.5512.3×10−4

600

1 0.9871.5×10−5 0.9700.001 2 0.9680.001 0.5512.3×10−4 16 0.7350.019 0.5522.1×10−4

2 0.9983.9×10−6 0.9973.0×10−4 5 0.9952.2×10−4 0.9838.7×104 8 0.7430.025 0.5512.2×10−4

4 1.0003.1×10−7 1.0000.000 10 0.9981.5×10−4 0.9925.5×10−4 2 0.8170.006 0.5522.3×10−4

Table 3.1: Results for E-Agglomerative and E-Divisive univariate simulations

Average Rand Index and standard errors from 1,000 simulations for the

E-Divisive and E-Agglo methods. Each sample has T = 150, 300 or 600

observations, consisting of three equally sized clusters, with distributions

N(0, 1),G,N(0, 1), respectively. For changes in mean G ≡ N(µ, 1), with µ = 1, 2,

and 4; for changes in variance G ≡ N(0, σ2), with σ2 = 2, 5, and 10; and for

changes in tail shape G ≡ tν(0, 1), with ν = 16, 8, and 2.

each of which is able to determine the number of change points without user in-

put. The only necessary user-provided parameter, apart from the data itself, is the

choice of α. If α is selected to lie in the interval (0, 2) then the methods provided

by this package are able to detect any type of distributional change within the

observed series, provided that the absolute αth moments exists.

The e.divisive method sequentially tests the statistical significance of each

change point estimate given the previously estimated change estimates, while the

e.agglo method proceeds by optimizing a goodness-of-fit statistic. For this reason,

we prefer to use the e.divisive method, even though its running time is output-

sensitive and depends on the number of estimated change points.
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Change in Mean Change in Correlation

T µ E-Divisive E-Agglo ρ E-Divisive E-Agglo

300

1 0.9874.7×10−4 0.9780.001 0.5 0.7120.018 0.5512.5×10−4

2 0.9928.9×10−5 0.9992.4×104 0.7 0.7580.021 0.5522.4×10−4

3 1.0001.3×10−5 1.0000.000 0.9 0.7690.017 0.5503.1×10−4

600

1 0.9942.2×10−4 0.9868.6×104 0.5 0.6520.022 0.5531.4×10−4

2 1.0004.3×10−5 0.9991.5×10−4 0.7 0.6500.017 0.5531.5×10−4

3 1.0003.3×10−6 1.0000.000 0.9 0.8060.019 0.5531.8×10−4

900

1 0.9961.6×10−4 0.9916.0×10−4 0.5 0.6580.024 0.5549.9×10−5

2 1.0003.0×10−5 1.0007.3×10−5 0.7 0.6330.022 0.5541.1×10−4

3 1.0005.2×10−6 1.0002.2×10−5 0.9 0.9580.004 0.5531.3×10−4

Table 3.2: Results for E-Agglomerative and E-Divisive multivariate simula-
tions

Average Rand Index and standard errors from 1,000 simulations for the

E-Divisive and E-Agglo methods, when applied to multivariate time series with

d = 2. Each sample has T = 150, 300 or 600 observations, consisting of three

equally sized clusters, with distributions N2(0, I),G,N2(0, I), respectively. For

changes in mean G ≡ N2(µ, I), with µ = (1, 1)>, (2, 2)>, and (3, 3)>; for changes in

correlation G ≡ N(0,Σρ), in which the diagonal elements of Σρ are 1 and the

off-diagonal are ρ, with ρ = 0.5, 0.7, and 0.9.

Through the provided examples, applications to real data, and simulations

[53], we observe that the E-Divisive approach obtains reasonable estimates for the

locations of change points. Currently both the e.divisive and e.agglo methods

have running times that are quadratic relative to the size of the time series. Future

version of this package will attempt to reduce this to a linear relationship, or

provide methods that can be used to quickly provide approximations.
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3.7 Appendix

This appendix provides additional details about the implementation of both the

e.divisive and e.agglo methods in the ecp package.

3.7.1 Divisive outline

The e.divisive method estimates change points with a bisection approach. In

Algorithms 1 and 2, segment Ci contains all observations in time interval [`i, ri). Al-

gorithm 2 demonstrates the procedure used to identify a single change point. The

computational time to maximize over (τ, κ) is reduced to O(T 2) by using memoiza-

tion. Memoization also allows the calculations in the for loop of Algorithm 2 to be

performed at most twice. The permutation test is outlined by Algorithm 3. When

given the segmentation C, a permutation is only allowed to reorder observations

so that they remain within their original segments.
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Algorithm 1: Outline of the divisive procedure.

Inputs : Time series Z, significance level p0, minimum segment size m, the

maximum number of permutations for the permutation test R, the

uniform resampling error bound eps, epsilon spending rate h, and

α ∈ (0, 2].

Output: A segmentation of the time series.

Create distance matrix Zα
i j = |Zi − Z j|

α

while Have not found a statistically insignificant change point

Estimate next most likely change point location

Test estimated change point for statistical significance

if Change point is statistically significant then

Update the segmentation

end

endwhile

return Final segmentation

3.7.2 Agglomerative outline

The e.agglo method estimates change point by maximizing the goodness-of-fit

statistic given by Equation 3.4. The method must be provided an initial segmen-

tation of the series. Segments are then merged in order to maximize the goodness-

of-fit statistic. As segments are merged, their between-within distances also need

to be updated. The following result due to [73] greatly reduces the computational

time necessary to perform these updates.

Lemma 10. Suppose that C1,C2, and C3 are disjoint segments with respective sizes

m1,m2, and m3. Then if C1 and C2 are merged to form the segment C1 ∪C2,

Ê(C1∪C2,C3;α) =
m1 + m3

m1 + m2 + m3
Ê(C1,C3;α)+

m2 + m3

m1 + m2 + m3
Ê(C2,C3;α)−

m3

m1 + m2 + m3
Ê(C1,C2;α).
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Algorithm 2: Outline of procedure to locate a single change point.

Inputs : Segmentation C, distance matrix D, minimum segment size m.

Output: A triple (x, y, z) containing the following information: a segment

identifier, a distance within a segment, a weighed sample

divergence.

best = −∞

loc = 0

for Segments Ci ∈ C
A = Within distance for [`i, `i + m)

for κ ∈ {`i + m + 2, . . . , ri + 1}
Calculate and store between and within distances for currenct choice

of κ

Calculate test statistic

if Test statistic ≥ best then

Update best

Update loc to m

end

endfor

for τ ∈ {`i + m + 1, . . . , ri − m}
Update within distance for left segment

for κ ∈ {τ + m + 1, . . . , ri + 1}
Update remaining between and within distances for current

choice of κ

Calcualte test statistic

if Test statistic ≥ best then

Update best

Update loc to τ

end

endfor

endfor

endfor

return Which segment to divide, loc, and best
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Algorithm 3: Outline of the permutation test.

Inputs : Distance matrix D, observed test statistic p, maximum number of

permutations R, uniform resampling error bound eps, epsilon

spending rate h, segmentation C, minimum segment size m.

Output: An approximate p-value.

over = 1

for i ∈ {1, 2, . . . ,R}
Permute rows and columns of D based on the segmentation C to create

D′

Obtain test statistic for permuted observations

if Permuted test statistic ≥ observed test statistic then

over = over + 1

end

if An early termination condition is satisfied then

return over/(i+1)

end

endfor

return over/(R+1)

Algorithm 4 is an outline for the agglomerative procedure. In this outline

Ci+k(Ci−k) is the segment that is k segments to the right (left) of Ci.
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Algorithm 4: Outline of the agglomerative procedure.

Inputs : An initial segmentation C, a time series Z, a penalization function

f (~τ), and α ∈ (0, 2].

Output: A segmentation of the time series.

Create distance matrix Di, j = Ê(Ci,C j;α)

Obtain initial penalized goodness-of-fit (gof) statistic

for K ∈ {N,N + 1, . . . , 2N − 3}
Merge best candidate segments

Update current gof

if Current gof ≥ largest gof so far then

Update largest gof

end

endfor

Penalize the sequence of obtained gof statistics

Choose best segmentation based on penalized gof statistics

return Best segmentation
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CHAPTER 4

CHANGE POINTS VIA PROBABILISTICALLY PRUNED

OBJECTIVES

4.1 Introduction

The analysis of time ordered data, referred to as time series, has become a common

practice in both academic and industrial settings. The applications of such analysis

span may different fields, each with its own analytical tools. Such fields include

network security [7, 71], fraud detection [1, 20], financial modeling [2, 18], climate

analysis [77], astronomical observation [22, 78], and many others.

However, when analysis is performed it is generally assumed that the data

adheres to some form of homogeneity. This could mean a range of things, depending

upon the application area. Some common types of assumed homogeneity include:

constant mean, constant variance, and strong or weak stationarity. Depending on

the nature of these assumptions it may not be appropriate, or practical, to apply a

given analytical procedure to many different types of time series. For instance, an

algorithm that assumes weak stationarity would not be suitable for analyzing data

that follows a Cauchy distribution, because of its infinite expectation. Furthermore

many time series of real data can be seen, even through visual inspection, to violate

such homogeneity conditions.

Results obtained under such model misspecification can vary in their degree of

inaccuracy [16]. The resulting bias from such misspecification is one of the reasons

for the current resurgence of change point analysis. Change point analysis attempts

to partition a time series into homogeneous segments. Once again the definition
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of homogeneity will depend upon the application area. In this paper we will use

a notion of homogeneity that is common in the statistical literature. We will say

that a segment is homogeneous if all of its observations are identically distributed.

Using this definition of homogeneity, change point analysis can be performed in a

variety of ways.

In this paper we consider the following formulation of the offline multiple change

point problem. Let Z1,Z2, . . . ,ZT ∈ R
d be a length T sequence of independent d-

dimensional time ordered observations. The dimension of our observations is ar-

bitrary, but assumed to be fixed. Additionally, let F0, F1, F2, . . . , be a (possibly

infinite) sequence of distributional functions, such that Fi , Fi+1. It is also assumed

that in the sequence of observations, there is at least one distributional change.

Thus, there exists k(T ) ≥ 1 time indices 0 = τ0,T < τ1,T < · · · < τk(T ),T < τk(T )+1,T = T ,

such that Zi
iid
∼ F j, for τ j,T < i ≤ τ j+1,T . From this notation it is clear that the

locations of change points τ j,T depend upon the sample size. However, we will

usually suppress this dependence and use the notation τ j for simplicity. The chal-

lenge of multiple change point analysis is to provide a good estimate of both the

number of change points, k(T ), as well as their respective locations, τ1, τ2, . . . τk(T ).

In some cases it is also necessary to provide some information about the distribu-

tions F0, . . . , Fk(T ). However, once a segmentation is provided it is usually straight-

forward to obtain such information.

A popular approach is to fit the observed data to a parametric model. In this

setting a change point corresponds to a change in the monitored parameter(s).

Earlier work in this area assumes Gaussian observations and proceeds to partition

the data through the use of maximum likelihood [50]. More recently, extensions to

other members of the Exponential family of distributions and beyond have been
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considered [13]. In general, all of these approaches rely on the existence of a

likelihood function with an analytic expression. Once the likelihood function is

known, analysis is reduced to finding a computationally efficient way to maximize

the likelihood over a set of candidate parameter values.

Parametric approaches however, rely heavily upon the assumption that the

data behaves according to the predefined model. If this is not the case, then the

degree of bias in the obtained results is usually unknown [62]. In practice, it is

almost always difficult, if not impossible, to test for adherence to these assumptions.

Under such settings, performing nonparametric analysis is a natural way to proceed

[10]. Since nonparametric approaches make much weaker assumptions than their

parametric counterparts they can be used in a much wider variety of settings;

for example, the analysis of internet traffic data, where there is no commonly

accepted distributional model. Even though these methods do not directly impose

a distributional model for the data, they do make their own types of assumptions

[83]. For instance, a common assumption is the existence of a density function,

which then allows practitioners to perform maximum likelihood estimation by using

estimated densities. However, estimation becomes inaccurate and time consuming

when the dimension of the time series increases [33].

Performing multiple change point analysis can easily become computationally

intractable. Usually the number of true change points is not known beforehand.

However, even if such information were provided, finding the locations is not a

simple task. For instance, if it is known that the time series contains k change

points then there are O(T k) possible segmentations. Thus naive approaches to find

the best segmentation quickly become impractical. More refined techniques must

therefore be employed in order to obtain change point estimates in a reasonable
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amount of time.

Most existing procedures for performing retrospective multiple change point

analysis can be classified as belonging to one of two groups. The first consists of

search procedures which will return what are referred to as approximate solutions,

while the second consist of those that produce exact solutions. As indicated by

the name, the approximate procedures tend to produce suboptimal segmentations

of the given time series. However, their benefit is that they tend to have prov-

ably much lower computational complexity than procedures that return optimal

segmentations.

Approximate search algorithms tend to rely heavily on a subroutine for finding

a single change point. Estimates for multiple change point locations are produced

by iteratively applying this subroutine. Such algorithms are commonly referred

to as binary segmentation algorithms. In many cases it can be shown that binary

segmentation algorithms have a complexity of O(T log T ). This type of approach to

multiple change point analysis was introduced by [76] and has since been adapted

by many others. Such adaptations include the Circular Binary Segmentation ap-

proach of [59] as well as the E-Divisive approach of [53]. The Wild Binary Segmen-

tation approach of [23] is a variation of binary segmentation that utilizes random

intervals in an attempt to further reduce computational time. An extension of this

approach to multivariate multiplicative time series called Sparsified Binary Seg-

mentation has been produced by [15]. Each of these procedures have been shown

to produce consistent estimates of both the number and locations of change points

under a variety of model conditions.

Exact search algorithms return segmentations that are optimal with respect to

a prespecified goodness of fit measure, such as a log likelihood function. The naive
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approach of searching over all possible segmentations quickly becomes impractical

for relatively small time series with a few change points. Therefore, in order to

achieve a reasonable computational cost, the utilized goodness of fit measures often

satisfy Bellman’s Principle of Optimality [6], and can thus be optimized through

the use of dynamic programming. However, in most cases the ability to obtain this

optimal solution comes with a computational cost. Usually this results in at least

O(T 2) computational complexity. Examples of exact algorithms include the Kernel

Change Point algorithm, [31] and [4], and the MultiRank algorithm [49]. The

complexity of these algorithms also depends upon the number of identified change

points. However, a method introduced by [40], as well as the PELT algorithm of [44]

can both obtain optimal segmentations with running times that are independent

of the number of change points. An additional benefit of the PELT approach is

that under certain conditions it is shown to have an expected running time that is

linear in the length of the time series.

The second aspect of multiple change point analysis is the determination of the

number of change points. The first technique that is commonly used by approx-

imate search algorithms is hypothesis testing. This method continues to identify

change points until they are unable to reject the null hypothesis of no change. Such

an approach however, is not well suited for many procedures that use exact search

algorithms, since many identify all change points at once, instead of sequentially,

as is the case with binary segmentation. Many change point algorithms that use

an exact search procedure instead turn to penalized optimization. The reasoning

behind penalization is that a more complex model, in this case one with more

change points, will better fit the observed data. The the penalty thus helps to

guard against over segmentation. [79] showed that using the Schwarz Criterion

can produce a consistent estimate of the number of change points. It has since
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become popular to maximize a penalized goodness of fit measure of the following

form,

S (k, β) = max
τ1<τ2<···<τk

k∑
i=1

C(Ci) + P(k), (4.1)

for a penalty function P(·) and measure of segmentation quality C(·). A com-

mon choice for the penalty function is P(k) = −βk, for some user defined positive

constant β. This type of penalization only takes into consideration the number of

change points, and not their location. There are other penalization approaches

that not only consider the number of change points, but also the change point

locations. See for instance [82] and [30].

An alternative to penalization is to instead generate all optimal segmentations

with k change points, up to some prespecified upper limit. This corresponds to

evaluating S (k, 0) from Equation 4.1 for a range of k values. However, depending

on the choice of C(·) it may not be possible to efficiently calculate S (k, 0) for a

range of k values. And thus the search procedure would have to be run numerous

times, which can become rather inefficient. Penalization tends to be faster, but

does require the specification of a penalty function or constant. This choice is

highly dependent upon the application field and will require some sort of knowledge

about the data. Some ways to choose these parameters include cross validation [3],

generalized degrees of freedom [70], and slope heuristics [5]. On the other hand,

generating all optimal segmentations avoids having to make such a selection.

In the following sections we introduce a change point search procedure which

we call cp3o (Change Points via Probabilisticly Pruned Objectives). This is an

exact search procedure that can be applied to a larger number of goodness of fit

measures in order to reduce the amount of time taken to estimate change point

locations. Additionally, the cp3o algorithm allows for the number of change points
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to be quickly determined without having to specify a penalty term, while at the

same time generating all other optimal segmentations as a byproduct.

As the cp3o procedure can be applied to a general goodness of fit measure we

propose one that is based on E-Statistics [73], which we call e-cp3o. The e-cp3o

method is a nonparametric algorithm that has the ability to detect any type of

distributional change. The use of E-Statistics also allows the e-cp3o algorithm to

perform analysis on multivariate time series without suffering from the curse of

dimensionality.

The results from a variety of simulations show that our method makes a rea-

sonable trade off between speed and accuracy in most cases. In addition to the

computational benefits, we show that the cp3o procedure generates consistent es-

timates for both the number and location of change points when equipped with

an appropriate goodness of fit measure. Furthermore, under additional assump-

tions we also show consistency in the setting where the number of change points

is increasing with the length of time series.

The remainder of this paper is organized as follows. In Section 4.2 we discuss

the probabilistic pruning procedure used by cp3o, along with conditions necessary

to ensure consistency. Section 4.3 is devoted to the development of the e-cp3o algo-

rithm and showing that it satisfies the conditions outlined in Section 4.2. Results

for applications to both simulated and real datasets are given in Sections 4.4 and

4.5. Concluding remarks are left for Section 4.6.
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4.2 Probabilistic Pruning

When performing change point analysis one must have a quantifiable way of de-

termining whether one segmentation is better than another. When using an exact

search procedure this is most commonly accomplished through the use of a good-

ness of fit measure. Suppose that there are k change points 0 = τ0 < τ1 < · · · <

τk < τk+1 = T . These k locations partition the time series into k + 1 segments

C j = {Zi : τ j−1 < i ≤ τ j}. The challenge now is to select the change point locations

so that the observations within each segment are identically distributed, and the

distribution of observations in adjacent segments are different. Therefore, we will

consider sample goodness of fit measures of the following form,

Ĝ(k) = max
τ1<τ2<···<τk

k∑
j=1

R̂(C j,C j+1), (4.2)

in which R̂(A, B) is a measure of the sample divergence between observation sets

A and B. The divergence measure R̂ is such that larger values indicate that the

distributions of the observations in the two sets are more distinct. Since each term

of the sum in Equation 4.2 depends only upon contiguous observations it is possible

to obtain the value of Ĝ(k) through dynamic programming.

Using traditional dynamic programming approaches greatly reduces the com-

putational time required to perform the optimization in Equation 4.2. However,

the running time of such methods is still quadratic in the length of the time series,

thus limiting their applicability. Many of the calculations performed during the

dynamic programs do not result in the identification of a new change point. These

calculations can be viewed as excessive since they do not provide any additional

information about the series’ segmentation, and quickly compound to slow down

the algorithm. Thus a practical step towards reducing running time, and even pos-

79



sibly the theoretical computational complexity, is to quickly identify such excessive

calculations and have them removed. One way to do this is by continually pruning

the set of potential change point locations. [66] proposes a pruning method that

can be used when the goodness of fit measure is convex, and can also be adapted

for online change point detection. Since the sample divergence measure R̂ is not

necessarily convex this pruning approach may not always be applicable. The cp3o

procedure therefore performs pruning that is more in line with the approach taken

by [44] in developing the PELT method.

Let 0 < v < t < s < u ≤ T and Zb
a = {Za,Za+1, . . . ,Zb} for a ≤ b. Furthermore,

suppose that there exists a constant Γ such that

R̂(Zt
v+1,Z

u
t+1) − R̂(Zt

v+1,Z
s
t+1) − R̂(Z s

t+1,Z
u
s+1) < Γ

holds for all v < t < s < u. The value of Γ will depend not only on the distribution

of our observations, but also the nature of the divergence measure R̂. Therefore,

in many settings it may be difficult, if not impossible, to find such a Γ. Instead we

consider the following probabilistic formulation. Let ε > 0, we then wish to find Γε

such that for all v < t < s < u

P
(
R̂(Zt

v+1,Z
u
t+1) − R̂(Zt

v+1,Z
s
t+1) − R̂(Z s

t+1,Z
u
s+1) ≥ Γε

)
≤ ε.

Let ζk(t) denote the value of Ĝ(k) when segmenting Z1,Z2, . . . ,Zt with k change

points. Using this notation we can express our probabilistic pruning rule as follows.

Lemma 11. Let v be the optimal change point location preceding t, with t < s <

u ≤ T . If

ζk(t) + R̂(Zt
v+1,Z

s
t+1) + Γε < ζk(s),

then with probability at least 1 − ε, t is not the optimal change point location pre-

ceding u.
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Proof. If

ζk(t) + R̂(Zt
v+1,Z

s
t+1) + R̂(Z s

t+1,Z
u
s+1) + Γε < ζk(s) + R̂(Z s

t+1,Z
u
s+1),

then from the definition of Γε we have that

P
(
ζk(t) + R̂(Zt

v+1,Z
u
t+1) < ζk(s) + R̂(Z s

t+1,Z
u
s+1)

)
≥ 1 − ε.

Since the optimal value attained from segmenting Z1,Z2, . . . ,Zu with k + 1 change

points is an upper bound for ζk(t) + R̂(Z s
t+1,Z

u
s+1),

P
(
ζk(t) + R̂(Zt

v+1,Z
u
t+1) < ζk+1(u)

)
≥ 1 − ε.

From this we can see that with probability at least 1− ε, it would be better to have

s as the change point prior to u. �

4.2.1 Consistency

As has been mentioned before, when performing multiple change point analysis it

is of utmost importance to obtain an accurate estimate of the number of change

points, as well as their locations. Therefore, in this section we will show that under

a certain asymptotic setting, the estimates generated by maximizing Equation 4.2

generate consistent location estimates.

When showing consistency many authors consider the case in which the number

of change points is held constant, while the number of observations tends toward

infinity. This seems rather unrealistic, as one would expect to observe additional

change points as more data is collected. For this reason we will allow the number

of change points, k(T ), to possibly tend towards infinity as the length of the time

series increases. The asymptotic setting we will consider is similar in nature to

that taken by [75] and [83].
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In order to establish consistency of the proposed estimators we make the fol-

lowing assumptions.

Assumption 3. Let F = {F0, F1, . . . } be a collection of distribution functions, and

{R j`} a collection of doubly indexed positive finite constants. Suppose that A and B

are disjoint sets of observations, such that the observations in A have distribution

Fa and those of B hare distribution Fb, for Fa, Fb ∈ F . The constants R j` are such

that R̂ab = R̂(A, B) → Rab almost surely as min(#A, #B) → ∞. Furthermore let f be

a function such that |R̂ab − Rab| = o( f (#A∧ #B)) almost surely for all pairs a and b.

Assumption 4. Let λT = min
1≤ j≤k(T )

(τ j − τ j−1), and suppose λT → ∞ as T → ∞.

Assumption 4 states that the number of observations between change points

tends towards infinity. This later allows us to apply the law of large numbers.

Assumption 5. The number of change points k(T ) and its upper bound K(T ) are

such that k(T ) = o
(

1
f (T )

)
and k(T ) = o(K(T )).

The above assumption controls the rate at which the number of change points

can increase. This is directly related to the rate at which our sample estimates

converge almost surely to their population counterparts.

Assumption 6. Let F be the collection of distribution functions from Assumption

3. From this collection we define a set of random variables {X(a, b)}∞a,b=0. For each

pair of values 0 ≤ a ≤ b the random variable X(a, b) has a mixture distribution

created with mixture components Fa, Fa+1, . . . , Fb.

Then for r ≤ q, and integers 0 = s0 < s1 < s2 < · · · < sr < sr+1 = q + 1, define,

Gq(r) = max
s1,s2,...,sr

r∑
i=1

R(X(si−1, si − 1), X(si, si+1 − 1));

82



and for r > q we define Gq(r) to be equal to Gq(q). Assume that dT =

max
1≤i, j≤k(T )

Gk(T )(i) −Gk(T )( j), is such that [dT k(T )]/[K(T )]→ 0 as T → ∞.

Assumption 6 concerns the rate at which additional change points increase the

objective function of interest. We will show that a higher upper bound on the

number of change points is necessary when each additional change point has the

potential to greatly change the value of Gq(r).

Assumption 7. Let 0 ≤ π < γ < ρ ≤ 1 and i1 < i2 < i3 < i4 be positive integers.

Suppose that the time series Z1,Z2, . . . ,ZT is such that ZbπT c+1, . . . ,ZbγT c ∼ X(i1, i2)

and ZbγT c+1, . . . ,ZbρT c ∼ X(i3, i4) for every sample of size T . For γ̃ ∈ (π, ρ) we define

the following sets A(γ̃) = {ZbπT c, . . . ,Zbγ̃T c} and B(γ̃) = {Zbγ̃T c+1, . . . ,ZbρT c}. Assume

that there exist a class of functions indexed by π, γ, and ρ; Θ
ρ
π(γ̃|γ) : (π, ρ) 7→ R, such

that R̂(A(γ̃), B(γ̃)) → Θ
ρ
π(γ̃|γ)R(X(i1, i2), X(i3, i4)) almost surely as T → ∞. Finally

we assume that Θ
ρ
π(γ̃|γ) has a unique maximizer at γ̃ = γ.

Assumption 7 describes the behavior of our goodness of fit measure when it is

used to identify a single change point. Essentially this assumption states that the

measure will attain its maximum value when the estimated change point location,

γ̃, and true change point location, γ, coincide.

Change Point Locations

We begin by showing that under Assumptions 3-7, the cp3o procedure will produce

consistent estimates for the change point locations.
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Lemma 12. Let G(k(T )) = {τ̂1, τ̂2, . . . , τ̂k(T )} and

BT (ε) = BT (ε, {τi})

=

{
(η1, η2, . . . , ηk(T )) ∈ Rk(T ) :

|ηi − τi|

T
≤ ε for i = 1, 2, . . . , k(T )

}
.

Then for all ε > 0,

P (G(k(T )) ∈ BT (ε))→ 1

as T → ∞.

Proof. Suppose that G(k(T )) < BT (ε), then there exists i such that |τ̂i−τi |

T > ε. Select

the largest such i and define the following random variables. Let M1 ∼ U1 where

U1 is the distribution (possibly a mixture) created by the observations between τ̂i−2

and τ̂i−1, M2 ∼ U2 for U2 having distribution created by the observations between

τ̂i−1 and τi. Similarly define M3 for the observations between τi and τ̂i+1, and M4

for the observations between τ̂i+1 and τ̂i+2.

Then the value of the sample goodness of fit measure generated by the estimates

of G(k(T )) is

R̂(M1,M2) + R̂(M2,M3) + R̂(M3,M4) + A,

which due to Assumptions 3 and 5 is equal to

Θ1
0(β1|γ1)R(U1,U2) + Θ1

0(β2|γ2)R(U2,U3) + Θ1
0(β3|γ3)R(U3,U4) + B + k(T )o( f (T )).

In the above expressions A and B are collections of terms that are not affected by

the choice of τ̂i. The βi and γi terms are as listed below.

β1 = τ̂i−1−τ̂i−2
τ̂i−τ̂i−2

β2 = τ̂i−τ̂i−1
τ̂i+1−τ̂i−1

β3 = τ̂i+1−τ̂i
τ̂i+2−τ̂i

γ1 = τ̂i−1−τ̂i−2
τi−τ̂i−2

γ2 = τi−τ̂i−1
τ̂i+1−τ̂i−1

γ3 = τ̂i+1−τi
τ̂i+2−τi
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Each of the terms in the sum is maximized when βi = γi, which corresponds to

|τ̂i−τi |

T → 0. By our assumptions, we have that the remainder term k(T )o( f (T )) =

o(1). Therefore, if |τ̂i−τi |

T is strictly bounded away from 0 then the statistic will be

strictly less than the optimal value as T → ∞. However, this contradicts the

manner in which τ̂i is selected. �

Number of Change Points

Once we have shown that the procedure generates consistent estimate for the

change point locations it is simple to show that it will also produce a consistent

estimate for the number of change points. We have chosen to implement the pro-

cedure outlined below in Assumption 8 to determine the number of change points.

However, other approaches could be used and still have the same consistency result.

Assumption 8. Define ∇Ĝ(k) = Ĝ(k +1)−Ĝ(k), µ̂(∇Ĝ) =
Ĝ(K(T ))−Ĝ(1)

K(T )−1 and σ̂2(∇Ĝ) =

V̂ar{∇Ĝ(k) : k = 1, 2, . . . ,K(T ) − 1}. Then suppose our estimated number of change

points is given by

k̂(T ) = 1 + max
{
` : ∇Ĝ(1), . . . ,∇Ĝ(`) > µ̂(∇Ĝ) +

1
2

√
σ̂2(∇Ĝ)

}
. (4.3)

The selection procedure in Equation 4.3 has similar intuition to the one pre-

sented by [47]. Both procedures work on the principle that a true change point

will cause a significant change in the goodness of fit. While spurious change point

estimates will only cause a minuscule increases/decrease in value. We thus say that

a change is significant if it is more than half a standard deviation above the average

change. As previously stated, other methods could be used, this just happens to

be the one that we chose to implement.

Before proving that we can obtain a consistent estimate for the number of
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change points one final assumption is made to ensure that the detection of an

additional true change point causes a strictly positive increase in our goodness of

fit measure. A similar property is also needed for the finite sample approximation.

Assumption 9. For every fixed q, suppose the values Gq(1),Gq(2), . . . ,Gq(q) form

an increasing sequence. Similarly let Ĝq(r) be the finite sample estimates of

Gq(r). Additionally, suppose there exists T0 such that for T > T0 the values

Ĝk(T )(1), Ĝk(T )(2), . . . , Ĝk(T )(k(T )) also form an increasing sequence.

Lemma 13. Let k̂(T ) be the number of estimated change points for a sample of

size T , and that the conditions of Assumptions 3-9 hold. Then

lim
T→∞
P
(
k̂(T ) = k(T )

)
= 1.

Proof. If k(T ) is bounded then the proof for the constant k(T ) version applies.

Suppose that k̂(T ) > k(T ), then ∇Ĝk(T )(k(T )) > µ(∇Ĝ) + 1
2

√
σ2(∇Ĝ). Letting ∇T

i j =

1
2 [Gk(T )(i) −Gk(T )( j)]2, we note the following inequalities:

µ(∇Ĝ) =
Ĝk(T )(K(T )) − Ĝk(T )(1)

K(T ) − 1

≤
dT

K(T ) − 1
+ o(1)

→ 0.

σ2(∇Ĝ) =
2

(K(T ) − 1)(K(T ) − 2)

∑
1≤i< j≤K(T )−1

1
2

[
Gk(T )( j) −Gk(T )(i)

]2
+ o(1)

=

(
K(T ) − 1

2

)−1
 ∑

1≤i< j≤k(T )

∇T
i j +

∑
1≤i≤k(T )< j≤K(T )−1

∇T
i j +

∑
k(T )<i< j≤K(T )−1

∇T
i j

 + o(1)

≤

(
K(T )

2

)−1 [(
k(T )

2

)
dT + k(T )(K(T ) − k(T ))dT +

(
K(T ) − k(T )

2

)
o(1)

]
+ o(1)

→ 0,
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since Gk(T )(i) = Gk(T )(k(T )) for i > k(T ). Thus P(k̂(T ) > k(T ))→ 0 as T → ∞.

Next suppose that k̂(T ) < k(T ). This implies that ∇Ĝk(T )(k̂(T )) ≤ µ(∇Ĝ) +

1
2

√
σ2(∇Ĝ). However, since ∇Gk(T )(i) > 0 for i < k(T ), P(k̂(T ) < k(T )) → 0 as

T → ∞. �

Theorem 14. For all ε > 0, as T → ∞,

P
(
k̂(T ) = k(T ),G(k(T )) ∈ BT (ε)

)
→ 1.

Proof. Using the results of Lemma 12 and Lemma 13 we have the following;

P
(
k̂(T ) = k(T ),G(k(T )) ∈ BT (ε)

)
≥ 1 − P

(
k̂(T ) , k(T )

)
−P (G(k(T )) < BT (ε))

→ 1.

�

4.3 Pruning and Energy Statistics

The cp3o procedure introduced in Section 4.2 can be applied with almost any

goodness of fit measure R̂(·, ·). However, in order to ensure consistency for both

the estimated change point locations, as well as the estimated number of change

points, some restrictions must be enforced as outlined in Section 4.2.1.

In this section we make use of a particular class of goodness of fit measures that

allows for nonparametric change point analysis. These measures are indexed by

α ∈ (0, 2)1 and allow for the detection of any type of distributional change. When

1The choice of α = 2 is allowed, however, in this case the goodness of fit measure would only
be able to detect changes in mean.
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a value of α is selected, the only distributional assumptions that are made are that

observations are independent and that they all have finite absolute αth absolute

moments. This class of measures are based upon the energy statistic of [73], and

we thus call the resulting procedure e-cp3o.

The e-cp3o procedure is a nonparametric procedure that makes use of an ap-

proximate test statistic and an exact search algorithm in order to locate change

points. Computationally the e-cp3o procedure is comparable to other paramet-

ric/nonparametric change point methodologies that use approximate search algo-

rithms. In the remainder of this section we give a brief review of E-Statistics,

followed by their incorporation into the cp3o framework. Finally, we show that the

resulting goodness of fit measure satisfies the conditions necessary for consistency.

4.3.1 The Energy Statistic

As change point analysis is directly related to the detection of differences in dis-

tribution we consider the U-statistic introduced in [73]. This statistic provides

a simple way to determine whether the independent observations in two sets are

identically distributed.

Suppose that we are given samples Xn = {Xi : i = 1, . . . , n} and Ym = {Y j :

j = 1, . . . ,m}, that are independent iid samples from distributions FX and FY

respectively. Our goal is to determine if FX = FY . We then define the following

metric on the space of characteristic functions,

D(X,Y |α) =

∫
Rd
|φx(t) − φy(t)|2ω(t|α) dt,

i which φx and φy are the characteristic functions associated with distributions FX

and FY respectively. Also ω(t|α) is a positive weight function chosen such that the
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integral is finite. By the uniqueness of characteristic functions, it is obvious that

D(X,Y |α) = 0 if and only if FX = FY .

Another metric that can be considered is based on Euclidean distances. Let

(X′,Y ′) be an iid copy of (X,Y), then for α ∈ (0, 2) define

E(X,Y |α) = 2E|X − Y |α − E|X − X′|α − E|Y − Y ′|α. (4.4)

For an appropriately chosen weight function,

ω(t|α) =

(
2πd/2Γ(1 − α/2)
α2αΓ((d + α)/2)

|t|d+α

)−1

,

we have the following lemma.

Lemma 15. For any pair of independent random variables X and Y, and α ∈ (0, 2)

is such that E(|X|α + |Y |α) < ∞, then E(X,Y |α) = D(X,Y |α) and E(X,Y |α) ∈ [0,∞).

Moreover, E(X,Y |α) = 0 if and only if X and Y are identically distributed.

Proof. See the appendix of [73]. �

Theorem 15 allows for an intuitively simple empirical divergence measure. Let

Xn and Ym be as above, then we can define the empirical counterpart to Equation

4.4

Ê(Xn,Ym;α) =
2

mn

n∑
i=1

m∑
j=1

|Xi − Y j|
α

−

(
n
2

)−1 ∑
1≤i< j≤n

|Xi − X j|
α −

(
m
2

)−1 ∑
1≤i< j≤m

|Yi − Y j|
α.

(4.5)

4.3.2 Incomplete Energy Statistic

The computation of the U-statistics presented in Equation 4.5 require O(n2 ∨ m2)

calculations, which makes it impractical for large n or m. We propose working with
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an approximate statistic that is obtained by using incomplete U-statistics. In the

following formulation of the incomplete U-statistic let δ ∈ {2, 3, . . . , b
√

T c}.

Suppose that we divide a segment of our time series into two adjacent sub-

series, Xn = {Za,Za+1, . . . ,Za+n−1} and Ym = {Za+n,Za+n+1, . . . ,Za+n+m−1}, and define

the following sets

Wδ
X = {(i, j) : a + n − δ ≤ i < j < a + n} ∪

n−δ−1⋃
i=0

{(a + i, a + i + 1)}

Wδ
Y = {(i, j) : a + n ≤ i < j < a + n + δ} ∪

m−2⋃
i=δ−1

{(a + n + i, a + n + i + 1)}

Bδ = ({a + n − 1, . . . , a + n − δ} × {a + n, . . . , a + n + δ − 1})

∪

 m∧n⋃
i=δ+1

{(a + n − i, a + n + i − 1)}


The set Bδ aims at reducing the number of samples needed to compute the

between sample distances. While the sets Wδ
X and Wδ

Y reduce the number of terms

used for the within sample distances. When making this reduction the sets Wδ
X,W

δ
Y ,

and Bδ consider all unique pairs within a δ window around the split that creates

Xn and Ym. This point corresponds to a potential change point location and thus

we use as much information about points close by to determine the empirical

divergence.

We then define the incomplete U-statistic Ẽ as

Ẽ(Xn,Ym|α, δ) =
2

#Bδ

∑
(i, j)∈Bδ

|Xi − Y j|
α

−
1

#Wδ
X

∑
(i, j)∈Wδ

X

|Xi − X j|
α −

1
#Wδ

Y

∑
(i, j)∈Wδ

Y

|Yi − Y j|
α.

(4.6)

Using this approximation greatly reduces our computational complexity from

O(n2 ∨ m2) to O(n ∨ m). [58] shows that a strong law of large numbers result
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holds for incomplete U-Statistics, and and thus Ê and Ẽ have the same almost sure

limit as n ∧ m→ ∞.

4.3.3 The e-cp3o Algorithm

We now present the goodness of fit measure that is used by the e-cp3o change

point procedure. In addition, we show that the prescribed measure satisfies the

necessary consistency requirements from Section 4.2.1.

The e-cp3o algorithm uses an approximate test statistics combined with an ex-

act search algorithm in order to identify change points. Its goodness of fit measure

is given by the following weighted U-Statistic,

R̂(Xn,Ym|α) =
mn

(m + n)2 Ê(Xn,Ym|α). (4.7)

Or an approximation can be obtained by using its incomplete counterpart

R̃(Xn,Ym|α, δ) =
mn

(m + n)2 Ẽ(Xn,Ym|α, δ).

By using Slutsky’s theorem and a result of [67] we have that if FX = FY then

R̂(Xn,Ym|α)
p
→ 0, and otherwise R̂(Xn,Ym|α) tends almost surely to a finite positive

constant, provided that m = Θ(n) (this means that n = O(m) and m = O(n)). In

fact if FX = FY we have that R̂(Xn,Ym|α, δ)→ 0 almost surely.

In the case of R̃(Xn,Ym|α), the result of [60, Theorem 4.1] combined and Slut-

sky’s theorem show that under equal distributions, FX = FY , R̃(Xn,Ym|α, δ)
p
→ 0.

Similarly, R̂(Xn,Ym|α, δ) also tends towards a positive finite constant provided

m = Θ(n). These properties lead to a very intuitive goodness of fit measure,

Ĝ(k|α) = max
τ1<τ2<···<τk

k∑
j=1

R̂(C j,C j+1|α).
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By using the dynamic programming approach presented by [48], the values Ĝ(`|α)

for ` ≤ k can be computed in O(kT 3) instead of O(T k+2) operations. However, the T 3

term makes this an inadequate approach, so the procedure (e-cp3o) is implemented

with the similarly defined goodness of fit measure G̃(k|α, δ), which allows for only

O(kT 2) operations.

Consistency of e-cp3o

We now show that the goodness of fit measure, R̃(·, ·|α, δ), used by e-cp3o satisfies

the conditions for a cp3o based procedure to generate consistent estimates. It is

assumed that α has been chosen so that all of the αth moments are finite. In

the results below we will consider the goodness of fit measure R̂ based upon the

complete U-Statistic, even though the e-cp3o procedure is based on its incomplete

version R̃. The reason for this is that R̂ and R̃ have the same almost sure limits,

and we are working in an asymptotic setting.

Proposition 16. Assumption 7 is satisfied by the e-cp3o goodness of fit measure.

Proof. Using the result of [53, Theorem 1] we have that

R̂(A(γ̃), B(γ̃)|α)→ γ̃(1 − γ̃)h(γ̃; γ)E(U1,U2|α).

Such that U1 ∼ X(i1, i2) U2 ∼ X(i3, i4), and h(x; y) =
(

y
x1x≥y +

1−y
1−x1x<y

)2
. Therefore,

R(X(i1, i2), X(i3, i4)) = γ(1 − γ)E(U1,U2|α) and Θ1
0(γ̃|γ) =

γ̃(1−γ̃)
γ(1−γ)h(γ̃; γ), which can be

shown to have a unique maximizer at γ̃ = γ. �

Proposition 17. The portion of Assumption 9 about {Gm(r)}mr=1 holds for the e-

cp3o goodness of fit measure.
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Proof. We begin by showing that Gm(1) < Gm(2). Suppose the first change point

partitions the time series into two segments, one where observations are distributed

according to F and another where they are distributed according to J. Now suppose

that J is a created by a linear mixture of the distributions G and H (which may

themselves be mixture distributions). Suppose that the second change point is

positioned so as to separate these distributions, G and H. Let random variables

X,Y, and Z be such that X ∼ F,Y ∼ G, and Z ∼ H. Then we have that

Gm(1) =

∫
Rd
|φx(t) − φy(βt)φz((1 − β)t)|2ω(t|α) dt

where β is the mixture coefficient used to create the distribution J. It is clear that

this will be maximized either when β = 0 or β = 1, in either case we will show that

the obtained value is bounded above by

Gm(2) =

∫
Rd
|φx(t) − φy(t)|2ω(t|α) dt +

∫
Rd
|φy(t) − φz(t)|2ω(t|α) dt.

Case β = 1: In this setting the value of Gm(1) is equal to the first term in the

definition of Gm(2), and since the distributions G and H are distinct, the second

term is strictly positive. Thus Gm(1) < Gm(2).

Case β = 0: In this case Gm(1) =
∫
|φx(t) − φz(t)|2ω(t|α)dt. However, since we have a

metric, the triangle inequality immediately shows that Gm(1) < Gm(2).

In the above setting the location of the first change point was held fixed when

the second was identified. This need not be the optimal way to partition the time

series into three segments. Thus since this potentially suboptimal segmentation

results in an upper bound for Gm(1) it follows that the optimal segmentation will

also bound Gm(1).

The argument to show that Gm(r) < Gm(r+1) for r = 2, . . . ,m−1 is identical. �
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Proposition 18. The portion of Assumption 9 about
{
Ĝk(T )(r)

}k(T )

r=1
holds for the

e-cp3o goodness of fit measure.

Proof. In the paper [73], the empirical measure used for the statistic Ê is based

upon V-statistics, while we instead use U-statistics. The use of V-statistics ensures

that the statistic will always have a nonnegative value. This isn’t the case when

using U-statistics, but the difference in their value can be bounded by a constant

multiple of 1
T . Combining this with the fact that 0 < Gk(T )(r) < Gk(T )(r + 1), and

dT
T → 0, we conclude that for T large enough the version of the statistics based

on U-statistics will also produce nonnegative values. Therefore for T large enough

Ĝk(T )(r) < Ĝk(T )(r + 1). �

4.4 Simulation Study

We now show the effectiveness of our methodology by considering a number of

simulation studies. The goal of these studies is to demonstrate that the e-cp3o

procedure is able to perform reasonably well in a variety of settings. In these

studies we examine both the number of estimated change points as well as their

estimated locations.

To assess the performance of the segmentation obtained from the e-cp3o proce-

dure we use Fowlkes and Mallows’ adjusted Rand index [21]. This value is calcu-

lated by comparing a segmentation based upon estimated change point locations

to the known true segmentation. The index takes into account both the number

of change points as well as their locations, and lies in the interval [0, 1], where it

is equal to 1 if and only if the two segmentations are identical.

94



For each simulation study we apply various methods to 100 randomly generated

time series. We then report the average running time in seconds, the average

adjusted Rand value, and the average number of estimated change points.

As the simulations in the following sections will demonstrate, the e-cp3o pro-

cedure does not always generate the best running time or average Rand values.

However, in every setting it generates results that are either better or comparable

to almost all other competitors, when accuracy and speed are viewed together. For

this reason we would advocate the use of the e-cp3o procedure as a general purpose

change point algorithm, especially for small to moderate length time series.

To perform the probabilistic pruning introduced in Section 4.2 the value of

Γε must be specified. In our implementation we obtain an estimate of Γε in the

following way. We uniformly draw O
(

1
ε

)
random samples from the set

{(v, t, s, u) : v < t < s < u and min{t − v, s − t, u − s} ≥ δ} .

For each sample we calculate

R̃(Zt
v+1,Z

u
t+1;α) − R̃(Zt

v+1,Z
s
t+1;α) − R̃(Z s

t+1,Z
u
s+1;α),

and then set Γε equal to the 1− ε quantile of these quantities. Any other sampling

approach could be used to obtain a value for Γε as long it satisfies the probabilistic

criterion.

4.4.1 Univariate Simulations

We begin our simulation study by comparing the e-cp3o procedure to the E-Divisive

and PELT procedures. These two procedures are implemented in the ecp [41] and
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PELT E-Div e-cp3o
T=400, k(T)=3, K(T)=9

Rand 0.8847×10−3 0.9872×10−3 0.93710−2

# of cps 9.1500.4 3.0703×10−2 2.6608×10−2

Time(s) 0.0035×10−5 9.1995×10−2 0.1507×10−4

T=1650, k(T)=10, K(T)=50
Rand 0.9533×10−3 0.9927×10−4 0.9405×10−3

# of cps 16.6900.4 10.0502×10−2 9.3907×10−2

Time(s) 0.0097×10−5 239.2630.7 3.5423×10−2

Table 4.1: e-cp3o growing sample size simulation results

Results of the first univariate simulation from Section 4.4.1 with different time

series lengths. The true number of change points is given by k(T) and K(T) the

upper limit used by e-cp3o. The table contains average values over 100 replicates,

with standard error as subscripts.

changepoint [45] R packages respectively. This set of simulations consist of inde-

pendent Gaussian observations which undergo changes in their mean and variance.

The distribution parameters were chosen so that µ j
iid
∼ U(−10, 10) and σ2

j
iid
∼ U(0, 5).

For each analyzed time series all of the different change point procedures were run

with their default parameter values. For E-Divisive and e-cp3o this corresponds to

α = 1. And for e-cp3o the minimum segment size was set to 30 observations (cor-

responding to δ = 29), and a value of ε = 0.01 is used for the probabilistic pruning.

Since in this simulation study the number of change points increased with the time

series length, the value of K(T ) would also change. The results of these simulations

are in Table 4.1, which also includes additional information about the time series

and upper limit K(T ). As can be seen from Table 4.1, better results are obtained

by combining an exact test statistic with an approximate search algorithm. But

these gains in segmentation quality are rather small. Thus, because of the in-

crease in speed and small loss in segmentation quality, we would argue that the

e-cp3o procedure should be preferred over the E-Divisive. The PELT procedure
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was much faster, but the e-cp3o procedure was able to generate segmentations that

were similar in quality as measured by the adjusted Rand index.

The next set of simulations also compares to a nonparametric procedure from

the npcp R package. This procedure, like the e-cp3o, is designed to detect changes

in the joint distribution of multivariate time series. More information about this

procedure, which we will denote by NPCP-F, is given in Section 4.4.2. Time series

in this simulation study contain two changes in mean followed by a change in tail

index. The changes in mean correspond to the data transitioning from a standard

normal distribution to a N(3, 1) and then back to standard normal. The tail index

change is caused by a transition to a t-distribution with 2.01 degrees of freedom.

We expect that all three methods will be able to easily detect the mean changes

and will have a more difficult time detecting the change in tail index. As with the

previous set of simulations, all procedures are run with their default parameter

values. Results for this set of simulations can be found in Table 4.2. Surprisingly,

in this set of simulations the e-cp3o procedure was not only significantly faster

than the E-Divisive and NPCP-F, but also managed to generate slightly better

segmentations on average.

These two simulation studies on univariate time series show that the e-cp3o

procedure performs well when compared to other parametric and nonparametric

change point algorithms. The first set of simulations showed that it generated

segmentations whose quality is comparable to that of an efficient parametric pro-

cedure when its parametric assumptions were satisfied. While the second set of

simulations showed that it is able to handle more subtle distributional changes,

such as a change in tail behavior. The flexibility of the e-cp3o method allows for

it to be used when parametric assumptions are met, as well as in settings where

97



NPCP-F E-Div e-cp3o
T=400, k(T)=3, K(T)=9

Rand 0.8205×10−3 0.8285×10−3 0.8747×10−3

# of cps 2.2806×10−2 2.2005×10−2 2.4305×10−2

Time 4.7902×10−2 6.7265×10−2 0.17610−3

T=1600, k(T)=3, K(T)=9
Rand 0.8396×10−3 0.8648×10−3 0.9175×10−3

# of cps 2.3706×10−2 2.4807×10−2 2.9203×10−2

Time 71.7720.3 143.2071.1 2.3924×10−2

Table 4.2: e-cp3o univariate simulation results

Simulation results for time series with mean and tail index changes. The

subscripts indicate the standard errors for each value.
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Figure 4.1: Change in mean and tail example

Example of time series with changes in mean and tail index. Mean changes occur

at times 100 and 200, while the tail index change is at time 300.

they aren’t sure to be satisfied.
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4.4.2 Multivariate Simulations

We now examine the performance of the e-cp3o procedure when applied to a mul-

tivariate time series. Since a change in mean can be seen as a change in a marginal

distribution we could just apply any univariate method to each dimension of the

dataset. For this reason we will examine a more complex type of distributional

change. In this simulation the distributional change will be due to a change in the

copula function [72], while the marginal distributions remain unchanged. Since

the PELT procedure as implemented in the changepoint package only performs

marginal analysis it is not suited for this setting, and will thus not be part of our

comparison. We instead consider a method proposed by [27] and implemented in

the R package npcp by [36]. This package provides two methods that can be used

in this setting. One that looks for any change in the joint distribution (NPCP-F)

and one designed to detect changes in the copula function (NPCP-C).

For a given set of marginal distributions, the copula function is used to model

their dependence. Thus a change in the copula function reflects a change in the

dependence structure. This is of particular interest in finance where portfolios of

dependent securities are typical [28].

In this simulation we consider a two dimensional process where both marginal

distributions are standard normal. While the marginal distributions remain static,

the copula function evolves over time. For this simulation the copula undergoes

two changes. Initially it is a Clayton copula and then changes to the independence

copula and finally becomes a Gumbel copula. The density function for each of the

used copulas is provided in Table 4.3 and simulation results in Table 4.4.

As was expected, in Table 4.4 it is clear that the NPCP-C method obtained
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Copula Density c(u, v)

Clayton
(
max{u−2.8 + v−2.8 − 1, 0}

)−5/14

Independence uv

Gumbel exp
{
−

[(
− log(u)

)2.8
+

(
− log(v)

)2.8
]5/14

}
Table 4.3: Copula densities

The densities for the copula functions used in the multivariate simulations.
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contour plot

Figure 4.5: Copula contours

NPCP-C NPCP-F e-cp3o
T=300, k(T)=2, K(T)=9

Rand 0.9584×10−3 0.6169×10−3 0.6858×10−3

# of cps 2.1304×10−2 0.3206×10−2 4.0000.1

Time 73.1630.1 1.8716×10−2 0.1254×10−3

T=1200, k(T)=2, K(T)=9
Rand 0.9793×10−3 0.86510−2 0.76610−2

# of cps 2.1504×10−2 1.7909×10−2 1.5707×10−2

Time 10, 580.8314.0 41.2700.7 1.9015×10−3

Table 4.4: e-cp3o multivariate simulation results

Results of the multivariate simulation with different time series lengths. The

subscripts indicate the standard errors for each value.
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the best average Rand value in all situations. But this comes at a much increased

average running time. This becomes very problematic when analysis of a single

longer time series can take almost three hours. For shorter time series the e-cp3o

provides the best combination between running time, estimated number of change

points, and Rand value. For longer time series the NPCP-F procedure is the clear

winner.

4.5 Real Data

In this section we apply the e-cp3o procedure to two real data sets. For our

first application we make use of a dataset of monthly temperature anomalies. The

second consists of monthly foreign exchange (FX) rates between the United States,

Russia, Brazil, and Switzerland.

4.5.1 Temperature Anomalies

For the fist application of the e-cp3o procedure we examine the HadCRUT4 dataset

of [56]. This dataset consists of monthly global temperature anomalies from 1850

to 2014. Since the dataset consists of anomalies, it does not indicate actual aver-

age monthly temperatures, but instead measured deviations from some predefined

baseline. The time period used to create the baseline in this case spans 1960 to

1990.

The HadCRUT4 dataset contains two major components; one for land air tem-

perature anomalies and another for sea-surface temperature anomalies. The anal-

ysis performed in this section will only consider the land air temperature anomaly
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component from the tropical region (30◦ South to 30◦ North). This region was

chosen because it was the most likely of all the presented regions to have a small

difference between the minimum and maximum anomaly value, and be affected by

changing seasons. More information about the dataset and the averaging process

used can be found in the paper by [56].

From looking at the plot of the tropical land air anomaly time series it is

suspected that there is some dependence between observations. This assumption

is quickly confirmed by looking at the auto-correlation plot. As a result, we apply

the e-cp3o procedure to the differenced data which visually appears to be piecewise

stationary. The auto-correlation plot for the differenced data shows that much of

the linear dependence has been removed, however, the same plot for the differences

squared still indicates some dependence. As with the exchange rate data, we believe

that this indicated dependence can be attributed to changes in distribution.

The e-cp3o procedure was applied with a minimum segment length of one year,

corresponding to δ = 11; a maximum of K(T ) = 20 change points were fit, we

chose α = 1, and ε = 0.01. Upon completion we identified change points at the

following dates: July 1860, February 1878, January 1918, and February 1973,

which are shown in Figure 4.6. With these change points we notice that the

auto-correlation plots, for both the differenced and squared differenced data, show

almost no statistically significant correlations. This is in line with our original

hypothesis that the previously observed correlation was due to the distributional

changes within the data.

Furthermore, the February 1973 change point occurs around the same time

as the United Nations Conference on the Human Environment. This conference,

which was held in June 1972, focused on human interactions with the environ-
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Figure 4.6: Temperature anomalies time series

Change in land air temperature anomalies for the Tropical climate zone from

February 1850 to December 2013. The cp3o estimated change point locations are

indicated by dashed vertical lines.

ment. From this meeting came a few noteworthy agreed upon principles that have

potential to impact land air temperatures:

1. Pollution must not exceed the environment’s ability to clean itself

2. Governments would plan their own appropriate pollution policies

3. International organizations should help to improve the environment

These measures, undoubtedly played a role in the decreased average anomaly size,

as well as an almost 66% decrease in the variance.
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4.5.2 Exchange Rates

We next apply the e-cp3o procedure to a set of spot FX rates obtained through

the R package Quandl [54]. For our analysis we consider the three dimensional

time series consisting of monthly FX rates for Brazil (BRL), Russia (RUB), and

Switzerland (CHF). All of the rates are against the United States (USD). The

time horizon spanned by this time series is September 30, 1996 to February 28,

2014, which results in a total of 210 observations. Looking at the marginal series

it is obvious that each of the individual FX rates does not generate a stationary

process. Thus, instead of looking at the actual rate, we look at the change in the

log process. This transformation results in marginal processes that appear to at

least be piecewise stationary.

Our procedure is only guaranteed to work with independent observations, so we

must hope that our data either satisfies this condition or is very close to it. The

papers by [37, 38] provide evidence that changes in the daily exchange rate are

not independent, and that there is a reasonable amount of nonlinear dependence.

However, they are not able to conclude whether this observed dependence is due

to distributional changes or some other phenomena. For this reason we are instead

interested in the change in the monthly exchange rate, which is more likely to

either be weakly dependent or show no dependence. To check this we examine the

auto/cross-correlation plots for both the difference and difference squared data.

This preliminary analysis shows that there is no significant auto or cross-correlation

within the differenced data, while for the squared differences there is only significant

auto-correlation for Switzerland at a lag of one month.

The e-cp3o procedure is applied with a minimum segment length of six obser-

vations (half a year), which corresponds to a value of δ = 5. Furthermore, we have
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chosen to fit at most K(T ) = 15 change points, and values of α = 1 and ε = 0.01

were used. This specific choice of values resulted in change points being identified

at May 31, 1998 and March 31, 2000. These results are depicted in Figure 4.10.

It can be argued that changes in Russia’s economic standing leading up to the

1998 ruble crisis are the causes of the May 31, 1998 change point. During the

Asian financial crisis many investors were losing faith in the Russian ruble. At

one point, the yield on government bonds was as high as 47%. This paired with

a 10% inflation rate would normally have been an investor’s dream come true.

However, people were skeptical of the government’s ability to repay these bonds.

Furthermore, at this time Russia was using a floating pegged rate for its currency,

which resulted in the Central Bank’s mass expenditure of USD’s which further

weakened the ruble’s position.

The change point identified at March 31, 2000 also coincides with an economic

shift in one of the examined countries. The country most likely to be the cause

of this change is Brazil. In 1994 the Brazilian government pegged their currency

to the USD. This helped to stabilize the county’s inflation rate; however, because

of the Asian financial crisis and the ruble crisis many investors were averse to

investing in Brazil. In January 1999 the Brazilian Central Bank announced that

they would be changing to a free float exchange regime, thus their currency was

no longer pegged to the USD. This change devalued the currency and helped to

slow the current economic downturn. The change in exchange regime and other

factors led to a 48% debt to GDP ratio, besting the IMF target and thus increasing

investor faith in Brazil.
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Figure 4.8: Switzerland
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Figure 4.9: Russia

Figure 4.10: Component series for spot rates

Time series for FX spot rates for each of the three countries. Estimated change

point locations indicated by vertical lines.

4.6 Conclusion

We have presented an exact search algorithm that incorporates probabilistic prun-

ing in order to reduce the amount of unnecessary calculations. This search method

can be used with almost any goodness of fit measure in order to identify change

points in multivariate time series. Asymptotic theory has also been provided show-

ing that the cp3o algorithm can generate consistent estimates for both the number

of change points as well as the change point locations as the time series increases,

provided that a suitable goodness of fit measure is provided. Furthermore, the de-

coupling of the search procedure and the determination of the number of estimated

change points allows for the cp3o algorithm to efficiently generate a collection of

optimal segmentations, with differing numbers of change points. This is all accom-

plished without the user having to specify any sort of penalty constant or function.

By combining the cp3o search algorithm with E-Statistics we developed e-cp3o,

a method to perform nonparametric multiple change point analysis that can detect

any type of distributional change. This method combines an approximate statistic
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with an exact search algorithm. The slight loss in accurately estimating change

point locations on finite time series is greatly outweighed by the dramatic increase

in speed, when compared to similar methods that combine an exact statistic with

an approximate search algorithm.
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